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Abstract

Among the various linear infinite impul se response (IIR) structures for adaptive
filters, cascade IR filters have advantages of easy stability monitoring and good sensi-
tivity performance. However, their high cost for computing gradientsis a problem. A
novel technique of backpropagating the desired signal is proposed and then a cascade
structure satisfying the requirements of this technique is developed, resulting in an
efficient adaptive filter. It has been shown that equation-error formulation is just a spe-
cial case of this backpropagation idea.

1 Introduction

An adaptive linear |IR filter has advantages in computation when a system is better
modeled by a pole-zero transfer function than by a zero-only function, especially when
poles are close to the unit circle in the z-domain. Several structures have been proposed
for adaptive linear IIR filters, including direct form [l-41, lattice form [5-71, cascade-
form [8-111, parallel-form [12,13], and recently, state-space structures [14]. Among
them, the direct form is most popular in the literature. However, an adaptive filter may go
unstable during adaptation and it is difficult to ensure stability of a direct-form filter with
an order above two. It aso has very poor sensitivity performance, which meansthat a
dlight change in a coefficient will result in alarge change in filter output. Thisis undesir-
ablefor an adaptivefilter sinceits coefficients are constantly affected by measurement
noise and quantization noise. Both cascade form and parallel form have an easy stability
check and low sensitivities. The parallel form has difficultiesimplementing amultiple
pole.

A cascade IR structure was devel oped for both the output-error formulation [10]
and the equation-error formulation [11]. It implements the filter denominator in cascade
form and the numerator in transversal form. An adaptive cascade filter, composed of IR
notch biquads, was developed for the output-error formulation in [8], which is suitable
for detecting and enhancing multiple sinusoids in applications in communications and
radar. Another cascade IIR filter was presented in [9] using the equation-error formula-
tion, where the second-order sections are expressed in terms of their roots and these
roots, rather than the section coefficients, are adapted.

One problem of adaptive cascadefiltersisthe complexity of computing filter gra-
dients, which is normally quadratic in the filter order. To solve this problem, an efficient
cascade IR filter is proposed based on anovel concept of backpropagating the desired
signal. The filter consists of atransversal section and cascaded all-pole second-order sec-
tions. The computation for adaptation is about the same as that required by the filter
itself when the LM S algorithm isused. It has been shown that the equation-error formu-
lation isonly a special case of the method of backpropagating the desired signal. The
adaptive filter presented here has a similar structure to those in [ 10,111, but requires
much less computation.

2 Backpropagation Formulation

The Formulation

The popular output-error formulation minimizes the error computed at the filter out-
put side. This section proposes adifferent schemeinwhich adesired signal is  backpro-
pagated and intermediate errors are generated, then the filter adjustsits coefficients to
minimize the intermediate errors.

The complexity of gradient computation of a conventional output-error cascade
filter is due to the fact that the filter objective is minimization of the error at the filter out-
put and gradient signals of a section have to pass the subsequent sections to form gradient



signals at the filter output side. If some kind of intermediate errors can be generated and
intermediate errors, instead of the output error, are minimized, the computation will be
moreefficient. A structurewith cascaded sectionsisshownin Fig.1. Thetransfer func-
tion Ti(z) can be arbitrary aslong asitsinverse is stable. The desired signal can be back-
propagated into the system with cascaded inverse filter sections. Then, we can employ
the intermediate desired signals to generate the intermediate error signals and adapt the
coefficients. We now apply thisideato a cascade lIR filter.

If the desired signal is not backpropagated through the transversal section, thefilter
structure shown in the upper part of Fig.2 satisfies the stability requirement of the back-
propagation method. The nth order filter is described by atransversal section

Y (2) = H2)U(2) (1)
and m all-zero second-order sections
1
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Yo(z) =Y (2),
and

Y(2)=Y(2)

The parameter m is equal to n /2 if the order nis even, otherwise it isequal to (n+1)/2
and one of the “second-order” section isin fact afirst-order section. The intermediate
desired signals and the intermediate errors are generated as shown in Fig.2. The
transversal section H and the all-zero second-order sectionsC; can be adapted to minim-
ize the intermediate errors.

It isclear that the coefficient vector h of the transversal section H can be updated
like that of an LMS transversal filter:

W = b* + 2pe 1 (K)uk) 3
whereu(k)=(uk)u(k—1) --- u(k—n)) andh=( hg hy "+ h, ).

Since the signals D;41(z), Dij42(2), . . . s Dmy1(z) (Where Dy (2) =D (2) ) are
independent of the coefficients of the filter section C;j, the derivatives of the signal D;
with respect to the coefficients of the sectionC; are nonrecursive:

oD; -1 -
._a;}ifl:_(z 1, Z)TDIH(Z) (4)

where the vector a;=(a;14;5)". These coefficients can also be updated like those of
an LM S transversal titer:

aftl=a¥ + 2, €;(k)d;yy (k) )

where ;. (k) = (djs1 (k=1) djsy (k=2))'.

Each all-zero second-order section C; is guaranteed to be stable and has a global
minimum, although there is a possible bias in coefficient estimates when a measurement
noise is present. An all-pole second-order section 1/C; copies coefficients from its
corresponding all-zero second-order sectionC;, as indicated by the dashed linesin Fig.2.
In the rest of the paper, the sections C; will be referred to as the all-zero second-order
sectionsand the section H will bereferred to asthetransversal section. The sections C;
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Fig.1 Backpropagation of the desired signal for a general cascade filter.
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Fig.2 Adaptive Backpropagation Cascade Filter (BCF).



and H will be collectively called the FIR sections.

Stability Monitoring

An adaptive filter will be unstable if a pole of an adaptive IR filter stays outside the
unit circle long enough. This instability can be prevented by checking the pole locations.
One major advantage of the cascade structure is its easy stability check.

It can be shown that the stability region of an all-pole second-order sectionisatri-
angle which isdefined by [2]

1+a;;—a;2>0, 1-a;; —a;p>0,and 1 +a;5 >0. (6)

Thisstability condition ismonitored during adaptation. An unstable update might
be corrected by reducing the step sizes. Once an unstable all-pole second-order section is
detected in an iteration, the filter coefficients are computed again using smaller step sizes
for the feedforward and feedback coefficients with the same gradients and error signal(s).
If thereisstill at least one unstable all-pole second-order section, thefilter coefficients
will not be updated for that iteration. Thisis one of many possible ways of implement-
ing stability monitoring and it is the one used in the simulations of this paper.

Comparison with Equation-Error Formulation

The equation-error formulation was developed for a direct-form adaptive filter [2].
In the equation-error approach, the feedback signal isreplaced by thedesired signal so
that the feedback coefficients are updated in an all-zero, nonrecursive form. Thefilter
output is

Y(z)=A(2)D(z) +H(2)U () (7)
where
A @ =ia;z“", H(z) =Zn‘,h,-z'i
i=I i=0

Fig.3 gives apopular pictorial description of the Equation-error Direct-form Filter
(EDF), where Youpu isthe filter output. The error signal is

E@)=(1-A @)D (2)-H(2)U(2) @®

which suggests Fig.4. Comparing Fig.4 with Fig.1, we find that Fig.4 shows that the
equation-error formulation is just a specia case of the backpropagation formulation illus-
trated in Fig. 1 when there are only two cascaded sections.

3 Simulation Results

The agorithms proposed in this paper have been ssmulated on a model matching
problem, in which an adaptive filter attempts to match the transfer function of ardfenrence
system. A third order system has been used as a reference system in the simulations:

y (k) =0.5765y (k -1) - 0.78 10y (k=2) + 0.382y (k -3) +

u (k) + L6751~ (k=1)+ L6751~ (k=2) +u (k-3) ©)

where the system poles are 0.5122 and 0.0321+0.8643i and zeroes are -1 and
—0.3375+0.9413..

For the cascade filter, the section C, is an all-pole second-order sectionwhose
optimal coefficient vector isa, =( 0.06429 -0.748 )" . The section C ; is an all-pole
first-order section whose optimal coefficient isay; = 0.5122. The optimal coefficient vec-
tor of the transversal sectionH is h=( 1 1.6751 1.6751 1)T.
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Fig.5 Convergence curves for the Output-error Direct-form Filter(ODF). Upper
curve; additive noise of -8(dB, step size for IIR section= 0.0015 and step size for
transversal section= 0.015. Lower curve: no additive noise, step size for IR sec-
tion =0.002 and step size for transversal sectiorr 0.03.
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Fig.6 Convergence curves for theBackpropagation Cascade Filter (BCF).
Upper curve: additive noise of -80dB, step size for all-polesecond-order
section = 0.004 and step size for transversal sectios 0.049. Lower curve:
no additive noise, step size for al-pole second-order sectiorr 0.006 and
step size fortranseversd section = 0.09.
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Fig.7 Convergence curves for the Equation-error Direct-form Filte(EDF).

Upper curve: additive noise of -8B, step size for feedback sectior= 0.003

and step size for transversal sectior= 0.015. Lower curve: no additive noise,

gtgp size for feedback sectioo= 0.005 and step size for transversal section=
.07.



-100-

MSE
dB

-200-

-300

| I ]
0 5000 10000 15000

No. of Iterations

Fig.8 Convergence curve for BCF with measurement noise of 2dB. Step
size for all-pole second-order sections= 0.004 and step size for transversal
section = 0.049.



In al the tests, the mean square errors were computed using a data block of 100
samples. The input was awhite Gaussian signal with unit variance (04B). Theinitial
values of the adaptive filter coefficients were set to zero. Three sets of simulations have
been performed using the three adaptivefilters: Output-error Direct-form Filter  (ODF),
BCF of Fig.2, and EDF of Equation (7) or Fig.3.

In the first set of simulations, there was no additive noise on the reference signal
(desired signal) and the step sizes were chosen so that the adaptive filtersreached the
computational noise floor (about-3004B) in the least number of iterations. The step sizes
for the sections Cy and C', were chosen the same for convenience. The convergence
curves of thefirst set of simulations are the lower onesin Figs.57. Both the BCF and the
EDF employ the backpropagated desired signals. So, it is interesting to compare the BCF
with the EDF. Figs.6 and 7 show that the BCF had smoother curve and bigger step sizes.
The ODF and the EDF had to use smaller step sizes because of the higher sensitivities of
the direct-form structure. That the ODF and the EDF had spikier curvesis also directly
due to the higher sensitivities. These spikes are undesirable and although they can be
reduced by using smaller step sizes, this will result in even slower convergence.

In practice, the reference signal is often contaminated by an additive noise, called
measurement noise. An independent white noise of ~804B was added to the reference
signa to investigate the performance of the filters in the presence of measurement noise.
The second set of simulationswere performed under this condition. Suppose the adap-
tive filters are used to suppress echo in a data transmission channel. In such an applica
tion, the MSE isrequired to be lessthan about —604B. Here, we require the M SE of an
adaptivefilter be below —704B, allowing a safe margin. The step sizes were chosen so
that the filters satisfied this M SE requirement in the least number of iterations. The con-
vergence curves of the second set of simulations are upper onesin Figs.57. The BCF
converged after 2.3k iterations. The EDF converged at 5.0k iterations, while the ODF at
3.8k iterations.

In the above simul ations, no stability check was employed. Instability of an adap-
tive filter can occur, which might be caused by, for example, a surge of measurement
noise, large step size, and/or large gradients due to steep performance surface. A third set
of simulations were performed based on the second set of simulations. All the conditions
in the third set of simulations were the same as those of the second set, except that there
was a measurement noise surge from sample 600 to 1000. The ODF, the BCF, and the
EDF went unstable without stability monitoring’ when the measurement noise surge floor
became high. Then stability monitoring was activated for the BCF, and the simulation
was performed again. It remained stable and converged well. As expected, it worked
well even if the noise level was very high. Fig.8 shows the convergence curve of the BCF
with anoise of 26dB (standard deviation of 20), which shows atypical behavior of the
BCF with stability monitoring. The filter worked normally before and after the noise
surge. It had ahigh MSE level (but remained stable) during the surge because the gra-
dient estimate was greatly corrupted.

4 Summary

This paper has studied adaptive cascade | IR filters which have an easy stability
check and low parameter sensitivities. A novel concept has been proposed, which sug-
gestsbackpropagating the desired signal through theinverseall-pole second-order sec-
tionsand producing intermediate errorsto be minimized. This concept was applied to a
cascade IR structure, resulting in an efficient adaptive cascade I IR filter. It has been
shown that the equation-error formulation is just a specia case of backpropagation of the
desired signal. The convergence of the proposed filter hasbeen anayzed and theresults
are presented in [ 151
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