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Abstract
Multi-rate switched capacitor (SC) filter design is an effec-

tive means of minimising silicon area for bandpass  systems. The
theory derived allows designs to achieve maximal area savings by
employing sampling-rates approaching the minimum allowed by
sampling theory. Designing filters to simultaneously operate at dif-
ferent sampling rates can require numerical optimisation to correct
for the effects of multi-rate operation. filtorx,  the computer aided
filter design tool was employed to design a CCITT V.22 high-band
modem filter as a test of the derived design methodology. The
result was an improvement of the uncorrected multi-rate filter
which had exceeded passband tolerances, to one which was within
tolerances. The multi-rate filter, operating at sampling rates of
128kHz and 8kHz required 70% less capacitor area than the
equivalent single-rate filter operating at a sampling rate of 128kHz.

1. Introduction
SC filter design is a very mature field which still has chal-

lenging engineering avenues to explore. One example of these
involves the design of multi-rate filters at sampling-frequencies
approaching the minimum allowed by the sampling theorem [l].
Multi-rate, switched-capacitor filters employ a number of filter sec-
tions, operating at different clock rates, cascaded to produce a com-
plete filter response. Many diverse applications employing various
multi-rate techniques, from polyphase filters, decimators, and inter-
polators [2] [3], to multi-rate, adaptive, digital-filter concepts [4],
provide many opportunities to apply new design approaches.

One of the advantages of multi-rate filtering is that the capa-
citance spread in wideband bandpass  filters can be reduced. With
high clocking rates typically found in switched-capacitor circuits,
large capacitance ratios are required for filter sections with low fre-
quency poles and/or zeros. Under certain conditions, the highpass
section can be clocked at a lower rate than the lowpass section.
The difference in sampling rates is limited by the stopband  edge of
the lowpass section which acts as the anti-aliasing filter for the fol-
lowing highpass  section. The savings realised results from the
lower clock rate used for the low-frequency poles and zeros of the
highpass  sections; typically, large capacitor ratios are necessary due
to the large difference between the clock rate and the pole and zero
frequencies. Lowering the clock rate achieves an area savings pro-
portional to the ratio of clock rates of the lowpass sections (the ori-
ginal rate) and the highpass  sections (at the reduced rate).

The inherent difficulty in the design process is due to the
complexity of dealing with a shaped passband created by filter sec-
tions operating at different sampling frequencies. In designing a
shaped passband filter, it is necessary to work with the transfer
function at a single sampling rate, the higher sampling frequency,
then to separate the transfer function into lowpass and highpass
sections; the highpass  section is then transformed to the lower sam-
pling rate for implementation. When the sampling frequency of the
highpass  section is sufficiently large, the effects of the transforma-
tion are virtually negligible. For designs which maximise the
benefit of multi-rate sampling to achieve the greatest area savings,

those operating with sampling frequencies near the theoretical
minimum (twice the maximum frequency of interest), the effect of
the low sampling rate can be significant. This is particularly
apparent in shaped passband filters.

The problem is then to develop a technique which provides
designers with a means of exactly determining the correct rational
function for any reasonable sampling rate. The resulting cascade of
the individual filter sections should then meet the desired system
specifications. Designers will then be able to achieve the greatest
benefit in area savings by utilising the lowest possible sampling-
rate for any given situation.

2. Theory
For sampled data systems, real frequencies are represented

by traversing the unit-circle. When evaluating a system which
operates at two sampling rates, a multi-rate system, real frequencies
no longer coincide on one unit circle. Each filter is represented by
a unit circle and its respective sampling rate. To evaluate multi-
rate systems, one rate must be chosen as the base upon which to
work; real frequencies for both systems will be represented on one
unit-circle. For this purpose, the unit circle and frequency
representations of the higher sampling frequency are used. To
illustrate, Figure 1 shows a system at a sampling rate fs=F and a
second system at a sampling rate of fs=2F.

6) 03
Figure 1. a) System at a sampling rate of fs=F. b) System at a sampling
rate of fs=2F. Darkened regions are spans of the same   frequency range at
the two sampling rates.

At the given sampling rates, a traversal of the upper-half unit-circle
for the lower sampling rate F (Figure la) occupies only the upper-
right quadrant of the unit-circle at the higher sampling rate 2F (Fig-
ure lb). By analogy, the unit-circle of Figure la) would then be
traversed twice to represent the system’s response for the unit-
circle in Figure 1 b).

The result of this mapping of the unit-circle for the lower
sampling rate system into a fraction of the unit-circle at the higher
sampling rate is that the poles and zeros of the rational functions
are mapped into a smaller region (l/N of the unit circle) of the z-
plane at the higher sampling rate (N times higher). In fact, the
poles and zeros are then replicated until the entire frequency range,
up to the sampling rate, is covered. Based on a ratio of sampling
rates of 2, Figure 2 shows how poles and zeros would be
transformed from the lower sampling rate to the higher.
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Figure 2. Locations of example poles for equivalent transfer func-
tions at different sampling rates. a) Poles of a rational function
with sampling rate fS=F. b) Poles of (a) transformed into the z-
plane where the sampling ratio is fS=2F.

All N, Nth roots are determined from the transformation to a
plane in which the sampling ratio is N times greater. This transfor-
mation, shown as equation 1, preserves the transfer function
characteristics of the rational function over the original frequency
range and preserves the effects of aliasing beyond the original
Nyquist rate.

for ( each pole and zero )
for(i=O;i<N;i=itl)

The Nth roots of each of the poles and zeros are taken to
transform the lower sampling frequency transfer function to an
equivalent one at a higher rate. The transformation can be thought
of as substituting each of the unit delays in the lower sampling rate
system with N unit delays at the higher sampling rate; now, operat-
ing the system at the higher sampling rate yields the same response
(except for an error in the gain). The net effect on the rational
function is to transform each pole and zero into the N, Nth roots
mentioned previously. Figure 3. iIlustrates these ideas.

unit delay at fJN N unit delays at fS

Figure 3. Symbolic representations of transforming a system from a sam-
pling frequency of ffl to fS and related effects for the system transfer
function. Note that the order of T(Z) increases by a factor N.

Now both systems can be expressed from a common per-
spective: the higher sampling rate. The operation of the complete
system can be determined by cascading the sections, which is
equivalent to multiplying the two rational functions. The result
contains the N replicas of the lower sampling rate system and the
poles and zeros of the higher rate system all in the z-plane.

It should be noted that the subject of aliasing has not been
dealt with, but is a factor which should not be ignored. Common
situations consist of a lowpass system sampled at the higher rate
followed by a highpass  system sampled at the lower rate. Since the
second stage of this system is operating at fs/N, aliasing will occur
for any frequencies beyond fs/2N. Thus, the lowpass system will
act as the anti-aliasing filter for the lower sampling-rate, highpass
system. This implies that the stopband  characteristics of the
lowpass will limit the factor of sampling rate reduction. Further-
more, the degree of attenuation in the lowpass stopband  will deter-
mine, along with the input spectrum, the degree of error due to
aliasing that the highpass  section will experience. In other words,
because the preceding lowpass section is the anti-aliasing stage for

the following highpass  sections, it must meet an anti-aliasing
specification in addition to its original specifications. For some
system specifications, the designer must determine if additional
stopband  attenuation will be required from the lowpass filter to
obtain proper operation of the highpass  filter. In a switched-
capacitor application, this may be a question of area savings: deter-
mining the net effect of increasing the lowpass order while decreas-
ing the capacitor ratios of the highpass  system.

3. Design Methodologies
Two basic methodologies exist for multi-rate filter design.

The first is a simple technique which can be applied to filters with
flat passbands;  the non-ideal effects resulting from aggressive
clocking techniques are virtually negligible in these filters Appli-
cations for filters with flat passbands are generally historical, or
appropriate for cookbook design techniques. A thorough technique
is required to deal with challenging specifications faced by today’s
designers. The second approach accurately quantifies the filter
response under the conditions of an aggessive sampling rate, thus
allowing numerical optimisation to correct for any undesired
effects, even for shaped passbands.

The first method can be accomplished by two differing
approaches. Since the desired passband is flat, the design can be
separated into two independent filters, each to be designed at its
given sampling rate. When the designs are complete, their cascade
will meet passband specifications provided the individual passband
ripple values summed to the desired final value. The second design
method is the same as that outline below for shaped passbands.
The only difference being that no optimisation is required for the
traditional flat passband. The final response should be negligibly
different from that originally designed at the higher sampling rate
(if there are no effects due to the chosen sampling rate).

Shaped passband specifications are best dealt with by
employing the second method, whereby the filter is designed at the
higher sampling rate. Upon obtaining the complete filter, it is
separated into lowpass and highpass  sections. The lowpass section
is left as is since its sampling rate is correct. The highpass  section
is then transformed to the equivalent lower sampling rate rational
function, but is expressed at the higher sampling rate ($2). This is
done by replicating the roots (evenly spaced) N times around the
unit circle. By referring to Figures 2 and 3, it should be evident
that a rational function with these characteristics can be expressed
as a rational function of lower order (by a factor N) at a sampling
rate N times lower. Two problems follow this transformation the
first is that there is a gain error; the second is caused by the pres-
ence of the replicated poles and zeros which affect the resulting
transfer function causing undesired effects in the passband - this
can be corrected through optimisation.

The gain error is a result of the fact that the transformation is
not exact in the calculation of the gain coefficient for the replicated
function. A correction for the gain error can be applied by noting
that the action of replicating the roots around the unit-circle is
equivalent to taking the product of the original rational function’s
poles and zeros at the N roots of -1 around the unit-circle.

We want T’& 1) = Tw( 1)

c= 1
(7)
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This guarantees that the transformed rational function will exhibit
the same gain as the original at z=l.

We now have the lowpass rational function expressed at its
sampling rate and an equivalent highpass  rational function
expressed at the same sampling rate. Using a numerical optimiser,
we can now alter the transfer function of the lowpass filter to
accommodate the effects of the multi-rate operation of the two filter
sections. The final lowpass filter can then be directly implemented
as a switched capacitor circuit. The highpass  rational function can
then be transformed into its lower sampling rate equivalent func-
tion. The final rational function, T’, consists of lowpass and
highpass  functions.

Since the poles and zeros of the highpass  rational function exhibit
N symmetry around the unit circle, we can express the poles and
zeros as the Nth power roots,

(g)

where TLP is the original lowpass rational function. Because of the
symmetry of T’m, we can now transform it to a lower sampling
rate.

(11)

(12)

This final transformation to ?m has a factor of N fewer poles and
zeros than T’m and has relocated each pole and zero at a s%mpling
rate f&l as compared to the original sampling rate of fS. Tm can
now be implemented as a switched-capacitor circuit at its lower
clocking speed.

4. Design Example
To apply the thwry, a shaped-passband specification was

chosen. The CCITT V.22 specification for 1200 baud modems pro-
vided a challenging problem, from which the “high band” filter was
chosen. This specification is particularly interesting due to its slop-
ing passband. Table 1 [5] lists some of the points adapted from the
original specification. filtorX was used to carry out all the neces-
sary manipulations, and optimisation of the rational functions. All
the operations were written in filtorX code, and no additional cod-
ing was required in any other programming language.

It was determined that a second-order lowpass filter coupled
with a fourth order highpass  filter would be sufficient to meet the
specifications. A clocking speed of 128kHz was chosen for the
lowpass filtering section. It was decided that, based on the
specification, the highpass  section would be operated at a sampling
rate of 8kHz although there is a possibility of abasing distortion for
input spectra with significant signal power above 4kHz. This is a
result of the upper stopband  requiring only 20dB of attenuation
while the lower stopband  requires 5OdB. In a situation such as this,
it may be pragmatic to increase the order of the lowpass filter to

Table 1. Filter gain specifications

1 fkq 1 gain(dB) 1
(Hz) 1 min max
800 I

1600 150
2000 -1.5
2800 10.0

0.0 1.5
3200 -10
3500 -20

, --. . 1

, 1 Low-pass High-pass

f

- fourth-order
fs = 8kHz

’ fs = 128kHz ’ fs = 128Hz ‘f&&Hz
Figure 4. A block diagram of the band-pass system, indicating the
location of the sample-and-hold circuits along with the sampling
rates at various locations in the system.

four, and thus provide increased attenuation against abasing prob-
lems for the lower sampling rate section. Since it was a telecom
application, it was assumed that there would likely be little, if any,
power at, or above, 4kHz; the choice of a sampling rate- of 8kHz
would then yield maximal area savings, although the effects of the
aggressive sampling rate chosen would have to be dealt with. The
resulting configuration of the system is illustrated in Figure 4.

As an example of the effect caused by the limitations of a
low sampling rate, the responses of the high-pass filters (one
operating at fs=l28kHz, while the other has been transformed, fol-
lowing the steps given in the text, to fs=8kHz) are plotted in Figure
5. It should be noted that the effect is solely the result of the
chosen sampling rate, and would be less pronounced for a higher
sampling rate - in fact, there is an insignificant gain error, and a
negligible effect on the passband for fs=l6kHz. Figure 6 shows the
complete transfer function of the final filter after optimisation. Fig-
ure 7 illustrates that the filter, before re-optimisation for multi-rate
operation, had exceeded the allowed specification; comparing the
passband region of Figure 5 and that of Figure 7, the source of the
error in this region is obviously the effect of the high-pass response
serving to emphasise the gain as frequency increases. By optimis-
ing the low-pass (second-order) section, the filter was corrected to
within the allowed tolerances. Both are compared to an ideal filter
designed to operate at 128kHz.

The change required of the low-pass section was minor, as is
seen in Table 2 by the slight change in capacitor ratios. Table 2
lists the capacitor ratios and the number of required unit capacitors
for each of the biquads. It can be seen that the capacitor ratios for
the high-pass biquads change significantly for the lower sampling
rate, which, in turn, yields a dramatic reduction in the overall area.
By assigning a unit size capacitance to the smallest capacitor in the
system, the number of unit capacitors required, and hence the area
required, to realise the circuit can be quantified. From the totals of
Table 2, an area savings of 70% is realised by a reduction of sam-
pling rate by a factor of 16.

5. Conclusions
A methodology to accurately design multi-rate switched-

capacitor filters was derived. The theory applies equally well to
systems employing aggressive sampling-rate reduction down to
rates only slightly above the Nyquist criterion. The thwry was
applied using the filtorX filter design package. Using filtorX, a
high-band V.22 modem filter was designed. The filter operates its
lowpass section at 128kHz and its highpass  section at 8kHz
(significantly affecting the high-pass filter response). It was seen
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Table 2. Biquad Capacitor Ratios

gain

-60

Figure 5. The high-pass sampled-data filter operating at
sampling-rates of fs=l28kHz, and transformed to fs=8kHz. Note
the pronounced effect on the passband of the filter operating at
fs=8kHz (near the Nyquist frequency of fs/2). This artifact of the
aggressive sampling rate chosen for the high-pass filter, must be
dealt with in the design stage to ensure that the overall
specifications of the system are met.

0 -.
0 1 12 \3

frequency (kHz)

Figure 6. Transfer function of the final optimised multi-rate filter.

; ; passband tolerance

Figure 7. A passband detail of the filter showing a comparison of a
single-rate filter operating at 128kHz, the multi-rate uncorrected
filter, and the multi-rate corrected filter. The specified tolerance
band is also plotted for comparison.

that before correcting for multi-rate effects, the passband had
exceeded the allowable tolerances, Optimising the rational func-
tions using the derived multi-rate techniques yielded a filter which
was within specifications. The multi-rate filter also exhibited a
significant reduction (70%) in total capacitor area over the
equivalent single-rate filter operating at only the higher sampling
rate.

K4Cl 1 0.1359 1 29 [[ K4Cl 1 0.1368 [ 5
Hrgh-pass brquad 1

fs = 128kHz fs = 8kHz
Cl I LO 214 ]] Cl 1.0 36
c 2  1.0 214 C2 1.0 36
K3c2 0.4842V”w. 104 K3C2 0.4329 16
KlCl 0.0251 5 KlCl 0.3690 13
K5c2 0.0988 21 K5c2 1.3828 SO
K6Cl 0.0744 16 K6Cl 0.0805 3
K4Cl 0.0988 21 K4C 1 1.3828 50

Hugh-pass btquad 2
fs = 128kHz fs = 8kHz

Cl 1 0
1:o

214 Cl 1U 36
c 2  214 C2 1:o 36
K3c2 0.4636 lC0 K3C2 0.2878 10

KlCl 0.0046 1 KlCl 0.0569K5c2 0.1155 25 K5c2 1.4729 5:
K6Cl 0.1872 40 K6Cl 0.2004 7
K4Cl 0.1155 25 K4Cl 1.4729 53
total 1750 491

Note that the smallest capacitor, that chosen as the unit capacitor, is
emboldened for each system.
All capacitor values were generated from the transfer functions us-
ing filtorX; capacitor names refer to [6].
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