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The motivation for this work comes from the exciting development of circuits which use
ZA modulation to achieve hitherto impossible levels of performance: analog-to-digital
converters with 20 bits of linearity, untrimmed, have been reported. Despite this impressive
success, there remains room for improvement in both the circuits which implement them
and the methods used to design them.
This document makes several contributions to ZA modulation. The first is a simplified way
of looking at how and why XA modulation works. Using this simplified description, the
results from this work and those of others are presented in a very easy-to-understand
format.
The second contribution is the development and proof-by-simulation of bandpass ZA
modulation. This technique extends the application range of ZA modulation by allowing
the frequency band of interest to be centered on any frequency, not just zero. These
modulators achieve high oversampling ratios without requiring that the sampling rate be
much greater than the upper frequency of interest.
The third major contribution is an examination of noise-shaped coding from a mathematical
perspective. It is shown that, under certain conditions, ZA modulation is an idempotent,
surjective mapping, and a formula is given for the equivalence classes induced by this

mapping. In addition, a necessary condition for limit-cycle stability is proven, suggesting
that modulators can be designed which are free from the undesirable effects of limit-cycles.
Finally, the problem of EA modulator stability is studied. A formula for the set of all inputs
which keep any modulator stable is given, but it defies attempts to use it as a test for
stability. Previous researchers have proposed simple tests for stability, but it is shown that
these are neither necessary, nor in some cases sufficient. Modification of one of these

criteria yields the most general analytical test for stability known at this time. In addition, a
numerical test for stability is proposed, and its predictions are compared with simulations
for a very special set of XA modulators.
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1 Introduction
Noise-shaped coding is another name for sigma-delta, or delta-sigma, modulation. The
latter terms are historically more popular, but have become misnomers now that modulators
have evolved beyond the original single-loop and double-loop structures. In addition, the
technique of error feedback in digital filters [Diniz and Antoniou 1985] and the half-toning
of digital images [Anastassiou 1989] are essentially equivalent to sigma-delta modulation in
that they all seek to reduce quantization noise in one frequency band at the expense of the
remaining frequencies. The title “Noise-Shaped Coding” was chosen to reflect this fact.
Sigma-delta (ZA) modulation forms the foundation of, and provides the motivation for,
this work. It is therefore necessary for the reader to understand sigma-delta modulation:
what it is, how it works and why it is interesting. The full depth and breadth of the XA
modulation literature is beyond the scope of this document and so this chapter presents only
a selection of this literature designed to give the reader an adequate context for the results of
this thesis.

1.1 First-Order Sigma-Delta Modulator
The simplest ZA modulator is the first-order lowpass modulator, shown in Figure 1.1
[Candy and Benjamin 1981]. The input, u, is a discrete-time, continuous-amplitude
(analog) signal; the output, y, is a discrete-time, binary-valued signal. For convenience, we
scale the circuit so that the output of the comparator is kl. Example waveforms are shown
in Figure 1.2.
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Figure 1.1:

The first-order*-delta modulator.

Figure 1.2:

Input and output waveforms for a first-order lowpass
sigma-delta modulator with a sine wave input.

Referring to Figure 1.1, we see that the circuit computes the difference, or A, between the
input and the delayed output, then feeds the result to a discrete-time summer, X , the output
of which feeds a comparator to produce y. From this description it is readily apparent how
the name ZA reflects the structure of the first-order modulat0r.l
The transformation from input to output is necessarily non-linear, but it nonetheless
preserves the low-frequency content of u. To see how it accomplishes this feat, consider a
constant input. It can be readily shown (see Section 4.5.1) that for inputs in the range

1 The etymology is contentious, see [Hauser 1981].

[- 1,+ 1], the output of the summer, x, is bounded. In order for this to happen, the input to
the summer must have an average value of zero. This in turn requires that the average value
of the output equals the input. Thus, in the case of a constant input in [-1,+ 1], we can
recover the input exactly by finding the average of the output.
The averaging operation can be done digitaIly, and this is essentially all it takes to make an
analog-to-digital converter out of a ZA modulator. Some advantages of this approach are:
1)

The analog circuitry is trivial. All that is required are a discrete-time summer
and differencer, a unit delay, and a comparator. These are readily available
in switched-capacitor form, so integrating the modulator is easy.

2)

The conversion is inherently linear. Since the transformation from two
digital codes to two analog levels exactly fits a straight line no matter what
the analog levels are, the binary quanitzer can only possess gain and offset
errors. In audio applications, these errors are not as objectionable as
nonlinearities which induce harmonic distortion [Hauser 1991]. In practice,
nonlinearities in the analog components limit the linearity of the converter.
Nonetheless, the achievable linearity is high enough that a20-bit A-to-D has
recently been reported [DelSignore, Kerth, Sooth, and Swanson 1990].

3)

The anti-aliasing requirements are lessened by oversampling. We shall see
that the sampling rate is much greater than the upper frequency of interest,
and that the high frequencies are removed by post-filtering. The attenuation
requirements of the anti-aliasing filter apply only to frequencies which alias
down to the band of interest, and since these frequencies are remote from
that band, the anti-aliasing filter’s specifications can be relaxed.

4)

Accuracy increases quickly with sampling rate. We shall see that for an &
order converter, each doubling of the sampling rate adds n + 2 bits to the
accuracy of the converter.

A more complete understanding of the first-order modulator can be had by a little analysis.
If the quantizer is modeled as an additive noise source, so that y = x + e, the circuit
becomes a two-input linear system. The output may then be written as the sum of two
terms, one from the input, u, and one from the error, e:
y=u+h*e

h is the impulse response of the noise transfer function; its z-transform is H(z) = 1- z-l. In

contrast, the signal transfer function is unity. Thus we see that the output is equal to the
input plus an error term whose spectrum is shaped by H. H has a zero at DC, so at low
frequencies the error term is small and consequently the first order lowpass modulator
preserves the low frequency content of u. Applying a digital lowpass filter to y removes the
bulk of the noise, yielding a high-quality digital representation of the input; see Figures 1.3
and 1.4.
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Figure 1.3:

An FFT of the output of a first-order modulator with a
-10dB input spread uniformly across the band [0,&]. The
shaping of the noise spectrum is clearly evident.
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Figure 1.4:

The output waveform of Figure 1.2 filtered by an ideal
digital lowpass filter with a cutoff just above one-thirtysecond of the sampling frequency. This cotresponds to an
oversampling ratio of 16.

To quantify the conversion quality, we need to know something about the spectrum of e. It
turns out that e can have a wide variety of spectra, but it is nevertheless customary to
assume that e is white with a power 4. With this assumption, one can immediately write
the noise power in the frequency band [o,*] as:

R is the oversampling ratio; $$ is the fraction of the spectrum

we are interested in, the

remainder acting as a dumping ground for the noise energy. A is typically large, on the
order of 100, so we can approximate

=]I-cosU+jsin@r
= (I- cos U)2 + sin2 Cc
z &)2
for Cfk(I.
Substituting this in equation (1.2) yields

and we arrive at the startling result that doubling R reduces the noise power by a factor of
eight. With an oversampling ratio of 100 and ideal filtering on y, we can expect rms noise
levels on the order of 10e3, or -60dB.
This result is succinctly stated in the 9dB/octave rule: in a first-order ZA modulator, the
SNR increases by 9dB (lOlog8), or 1.5 bits (4 log2 8 ), for every octave increase in R.
Figure 1.5 plots the simulated SNR of a first-order XA modulator as a function of the
oversampling ratio, R. The input signal was a sine wave with a peak amplitude of A=O. 1,
20dB below full-scale. The signal and in-band noise powers were determined from an FFT
of the Hann-windowed output. As can be seen in the figure, the SNR thus determined does
roughly follow the 9dB/octave rule. The discrepancies are mostly due to the inaccuracy of
our e-is-white-noise assumption.
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Figure 1.5:
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The signal-to-noise ratio of the first-order modulator
increases by approximately 9dB when the oversampling
ratio is doubled.

It is precisely the lack of the validity of this whiteness assumption that is responsible for
one of the major drawbacks of first-order modulators. It has been found that, in practice,
the error signal has a highly-colored, discrete spectrum which results in disturbing whistles
and squeaks [Candy 1974][Norsworthy 1990]. In particular, it has been shown that a

constant input of value f, where u and b are relatively-prime integers, can result in a
repetitive output where the period is a multiple of b [Friedman 1988]. If b is large, an
appreciable amount of tonal energy can be located in the band-of-interest, and this may very
well be audible.
One way to break up such limit-cycles is to randomize the quantizer slightly, for example
by adding a small amount of noise (dither) to its input [Chou and Gray 1990]. This noise is
added at the same point in the loop as e, so it too gets shaped by JJ, and consequently
degrades the SNR only marginally. Another method for producing a whiter e-signal
involves the use of a finer quantizer. By giving the quantizer more levels, the error signal
becomes smaller and whiter. The main drawback of this method is that a multi-bit quantizer
is likely to have appreciable non-linearity and so the modulator would no longer be
inherently linear. A more satisfying solution uses a higher-order modulator to produce error
signals with much whiter spectra.
Before we move on to fancier modulators, it is worthwhile to note that ZA modulators can
also be used to make digital-to-analog converters. In this application, the modulator is
digitaI, with a PCM digital signal replacing the analog input and a two-level analog output.
Analog filters are needed to do the requisite lowpass filtering of the output. Figure 1.6
shows a digital EA modulator in which some simplifications have been made [Candy and
Huynh 1986]. The comparator operation is accomplished simply by stripping off the most
significant bit, and the remaining bits form the negative of the error signal. Thus the output
may be written by inspection as Y = U + E - zmfE = U + (I - zef)E, so that the error
transfer function is 1- z-l. This is exactly the same as in the modulator of Figure 1.1, and
it should come as no surprise that a simulation of one is identicaI to a simulation of the
other.

Figure 1.6:

A digital first-order lowpass sigma-delta modulator. This
structure can be used to make a digital-to-analog converter.

This is true in general- a simulation of a ZA modulator intended for an A-to-D produces
the same output as a simulation of a similar EA modulator intended for a D-to-A, if the
inputs are identical. This last condition needs to be stated because, typically, the former
modulator samples a constantly-changing analog signal, whereas the latter repeatedly
samples a low-speed digital signal which does not change with each tick of the modulator’s
clock. Nevertheless, when simulating a modulator it is not necessary to know whether it is
for an A-to-D or a D-to-A: the simulation models areidenticaL2

1.2 Second-Order Sigma-Delta Modulator
An important step in the evolution of sigma-delta modulation was the invention of the
double-loop modulator shown in Figure 1.7 [Candy 1985]. By observing that a
comparator is a kind of analog-to-digital converter, one might consider replacing it with a
better kind of converter. Figure 1.7 results from replacing the comparator in Figure 1.1
with a first-order modulator.

Figure 1.7: A second-order lowpass sigma-delta modulator.

2 If we ignore non-idealities such as round-off noise and sensitivity,

Proceeding as before, we model the quantizer with an additive noise source and find that
y=u-kh*e

where h now has a z-transform of ~(2) = (I- z-‘)~. Assuming the noise is white, with a
power 4, the noise power in the band of interest is

and we see that an octave increase in R now reduces the noise power by a factor of 32.
Stated another way, the second-order modulator achieves a 15dB (2.5 bit) increase in the
SNR per octave increase in R - 6dB (1 bit) per octave better than the first-order
modulator.
Experience with real second-order modulators has shown that they are much less
susceptible to limit cycles and tonal behavior than first-order modulators [Candy
1985][Candy and Huynh 1986]. This is thought to be a result of the x-signal appearing
more random because of the extra complexity in the feedback loop.
Experience has also shown that a second-order modulator is not as robust as a first-order
one. The double-loop modulator is slow to recover from inputs which go outside the
[-l,+l] range. In addition, the noise power begins to increase at a lower level of input
signal than in the single-loop modulator. A plot of the SNR versus the amplitude of the
input, Figure 1.8, shows this phenomenon as a flattening out and eventual peaking of the
SNR curve just below 0dB.
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The signal-to-noise ratio of the first- and second-order
modulators as a function of the amplitude of the input
signal. The input limit on the second order modulator is a
few dB less than that of the first-order modulator.

1.3 Higher-Order Sigma-Delta Modulators
We have seen that the error transfer function of the first-order modulator is I- z-l and that
of the second order modulator is (I - z-')'. Grven the superiority of the second-order
modulator, one would naturally like to continue this progression and try to build a third
order modulator with an error transfer function (I- z-‘)~.
u

Figure 1.9:

+y=sgm

A sigma-delta modulator with an arbitrary error transfer
function, H.

Figure 1.9 shows one way to build a ZA modulator with an arbitrary error transfer
function, H. By inspection,
Y=X+E

X=U+(H-l)E
. Y=U+HE

This diagram has no delay-free loops if the H-l block is strictly causa13, and so the diagram
is well-posed (in the mathematical sense) if this condition is met. In addition, this condition
is necessary for the realizability of a ZA modulator with the given error transfer function.
Consequently the diagram is capable of realizing any ZA modulator which possesses a
realization.
The structure of Figure 1.9 is, because of its generality, readily suited to analysis and so
will be used repeatedly. Its simplicity makes ZA easier to understand than the complicated
topologies often shown in the literature. There is no reason not to use this structure in a
simulation since its input-output behavior is identical to any other structure with the same
noise transfer function and a signal transfer function of unity.
With this structure one can build a third order modulator, but simulation reveals it to be
unstable: internal signals become arbitrarily large and the spectrum of the output does not
resemble the input. This holds true for any binary modulator with an error transfer function
of the form (1- z-‘)~ for n 2 3. At first glance, it would appear that high-order modulators
do not work.
Fortunately, this is not so. One way to make a high-order modulator stable is to use a
multi-level quantizer [Hawksford 1985], although it may then suffer from linearity
problems. A more satisfactory solution is to allow the use of a more general transfer
function [Chao et al. 1990].
Until now, we have been dealing with FIR transfer functions: those with only a zn in the
denominator. We gain design freedom if the poles are allowed to be arbitrary. Placing the

3 Requiring the H-l block to be strictly causal is equivalent to requiring that H-l be strictly
proper, h(O)=I or H(w) = 1.

poles on top of the zeros is guaranteed to produce a stable zeroth-order modulator, and it is
reasonable to expect that perturbing this system slightly, for example by moving the poles
towards the origin, would not make it unstable. This is indeed the case: putting all the poles
at z=OS results in an apparently stable third-order modulator which has 21dB/octave
performance, as shown in Figure 1.10. As with the second-order modulator, the
maximum input amplitude is slightly belowOdB.
It has been found [Chao et al. 199O][Hein and Zakhor 1991] that high-order modulators are
susceptible to self-sustaining, large-amplitude, low-frequency oscillations. These
oscillations are detrimental to the operation of the converter since they consume dynamic
range and cause the error signal to be large. In practice, most high-order single-bit
modulators employ some form of limiting or even resetting circuitry to extinguish such
oscillations.
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Figure 1.10: SNR plots for a stable third-order modulator, H(z) =

An &-order lowpass modulator with an error transfer function of the form

(z - l)3
(z -o.5)3 *

may be approximated near

-0 as

so the noise power is approximately

and we see from this that the SNR ought to increase by (6n+3)dB, or n + 4 bits for each
doubling of R.
For a particular R and n, we can actualIy do better than this formula predicts by allowing
the zeros to spread across the entire band. To make the best modulator of a given order, H
must be chosen to minimize Ni, subject to the realizability condition and a stabilitf
constraint. Lee [Lee 1987] claims that if iiHi_, the maximum gain of the error transfer
function, is less than 2, then the modulator will be stable. Agrawal and Shenoi use the rule
]iH]li I 3, where ]]H]]i is the power gain of H [Agrawal and Shenoi 1983]. If either rule
were reliable, the design of nearly optimal ZA modulators of any order would be routine:
simply use an optimization program to minimize the white-noise-based estimate of Nj
while satisfying the realizability and stability constraints. Unfortunately, these rules are not
completely reliable5 and designers must resort to lengthy simulations to confirm the
stability of their designs.
The resultant transfer function can be realized in a number of ways, including that of
Figure 1.9. The choice would be guided by sensitivity and noise considerations. The

4 A definition of stability which ensures that the modulator essentially works as desired is
that a modulator is stable if and only if x , or equivalently e, is bounded. Stability is
discussed at length in Chapter 4.
5 A further disadvantage of these rules is that they are too conservative. Both rule out the
most popular modulator, the second-order modulator.

cascade-of-resonators structure [Ferguson, Ganesan and Adams 1990] has been shown to
be a strong contender [Jantzi, Schreier and Snelgrove 1991].

1.4 Other Sigma-Delta Modulators
The discussion of XA modulation has thus far focussed on its purest incarnation: a singlebit quantizer embedded in an otherwise linear system. It is the purpose of this section to
make the reader aware of some variations of the basic modulator, their advantages and their
drawbacks.
1.4.1 Continuous-Time Filtering
The discrete-time filter in the forward path of the modulator can be replaced by a
continuous-time filter, or a mixed continuous/discrete-time filter [Del Signore, Kerth],
Sooch and Swanson 1990]. The input to the modulator is then a continuous-time analog
signal, and the act of sampling occurs inside the loop. In general, such a mixed modulator
can be modelled by an equivalent discrete-time modulator fed by the sampled output of a
continuous-time filter. For example, if the discrete-time integrator of Figure 1.1 is replaced
by a continuous-time integrator whose output is sampled by the comparator, an equivalent
system is an ordinary first-order ZA modulator fed with the sampled output of a moving
average filter, illustrated in Figure 1.11.
Thus the continuous-time approach alIows one to incorporate a crude anti-aliasing filter in
the modulator itself. The disadvantage of this approach is that the modulator is now
sensitive to the behavior of the implicit digital-to-analog converter in the feedback path over
the entire sampling period, and not just to its value at the end of the sampling period. In
particular, care must be taken to ensure that the effect of the second positive pulse in a pair
of successive positive pulses is the same as that of the first, lest this be a source of
distortion.
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Figure 1.11: a) A first-order modulator with a continuous-time
integrator in place of the discrete-time integrator, and b) an
equivalent system employing a discrete-time modulator.
The sampling rate is assumed to be 1 Hz.

1.4.2 The MASH Modulator
Historically, the first improvement to the basic modulator was the development of the
Multistage Noise Shaping (MASH) Modulator, shown in Figure 1.12 [Uchimura,
Hayashi, Kimura and Iwata 1988]. The basic idea is to use a second ZA modulator to
digitize the error signal of the first. The output of this secondary modulator can be digitally
filtered and subtracted from the primary modulator’s output to leave quantization noise
which has been shaped by the product of two noise-shaping functions. This is the twostage MASH modulator.
One can increase the number of stages to any desired level by repeatedly digitizing the error
signal in the last modulator. The resulting cascade produces a stable modulator with an
order equal to the sum of the orders of the individual modulators.

The primary disadvantages of this approach are that it relies on the precise cancellation of
terms derived from two separate circuits, one analog and one digital, and that there is added
complexity on the digital side.

Figure 1.12: A blockdiagramof a two-StageMASHmodulator.
1.4.3 Innovations with Multi-bit. Quantizers
The use of a multi-bit quantizer in a ZA modulator is desirable since it reduces the size of
the error signal and consequently makes the SNR higher. An added benefit, as mentioned
in Section 1.3, is that high-order modulators are easier to design with multi-bit quantizers
since the circuit better approximates a linear system. The problem is that these quantizers
may possess differential nonlinearity which degrades the performance of the modulator.
The differential nonlinearity of a multi-bit quantizer can be compensated for by digital
means [Larsen, Cataltepe and Temes 1988]. If one regards the discrete levels of the
quantizer as being exact, then it is a simple matter of using the correct digital representation
of that level on the digital side. These corrected codes can be determined during a selfcalibration cycle.

A second innovation uses a multi-bit A-to-D, but only single-bit feedback[Leslie and Singh
1990]. This hybrid approach does not suffer from nonlinear distortion, and its performance
has been shown to approach that of an ideal system with a full n-bit quantizer. Figure 1.13
illustrates the structure of this interesting modulator.

Figure 1.13: A modulator employing a multi-bit A-to-D and single-bit
feedback.
From the diagram,
X=U+(H-1)E
Q=X+El
E = E, -I- E2
Y =Q-(H-l)E2

whence
Y=U+HE].

Thus the noise-shaped residual of the multi-bit A-to-D is the only error term in the output.
Consequently this structure achieves the same performance as a full multi-bit modulator
without endangering the inherent linearity property of the basic modulator. Unfortunately,
it suffers from the same drawbacks as the MASH modulator: increased complexity on the
digital side and the need to match a digital transfer function to an analog one.

1.4.4 Nonlinear supporting circuitry
A particularly intriguing possibility in the development of XA modulators is the use of
additional nonlinear elements in the circuit. The modulator in Figure 1.14 has been shown
to be more tolerant of overload conditions than the regular double-loop modulator [Stonick,
Rulla, Ardalan and Townsend 1990]. Moreover, loose bounds on the c~, h and p
parameters have been found which guarantee the stability of this structure.
This circuit was derived from the standard second-order modulator by toying with its
describing equations. It is up to the designer to select values for the CX, h and p parameters
which result in satisfactory performance. These two facts make it unlikely that this method
can be made into a general design procedure, and so the design of nonlinear feedback
circuits for ZA modulators is lacking a solid foundation.

F i g u r e 1.14 : A modulator employing a second nonlinear element.

1.5 The Art of Analysis
A critical requirement of the circuit design process is the ability to analyze the circuits under
consideration. Since a ZA modulator is a nonlinear system, analysis can be done with
varying degrees of correctness. The simplest analysis technique pretends that the quantizer
is just a source of additive white noise; the most complete analysis treats the quantizer
exactly. At the present time, there does not exist an analysis technique which combines the

insightful simplicity of the former with the accuracy of the latter. The designer must find a
way to cope in the absence of an adequate theory.
1.51 The Linear Model
Replacing the quantizer operation, y=sgn x, with the linear equation y=x+e is an exact
transformation, provided e = sgn x - x. The approximation occurs when it is assumed that e
has certain convenient properties, such as a white spectrum or a uniform distribution over
[- 1,+ 11. With these assumptions, the modulator becomes a simple linear circuit upon which
one can apply the powerful techniques of linear circuit analysis. This method has already
been used to predict the in-band noise for several modulators, and the results have agreed
surprisingly well with simulations.
The problem is that such analyses are predicated upon a lie and so lead to inconsistencies.
A linear analysis of the first-order modulator indicates that the noise power is independent
of the amplitude of the input signal. However, it is clear fkom the plot of SNR against input
amplitude, Figure 1.8, that the noise power increases drastically as the input exceeds 0dB.
The linear model cannot predict this important phenomenon.
Another pitfall of the linear model is that it leads to a paradox. Figure 1.15 illustrates what
happens when we insert a linear gain, ka0, in front of the quantizer. The behavior of the
circuit doesn’t change, but the linear model does! The signal transfer function is no longer
unity and the noise transfer function has different poles. Despite this apparent disaster, it is
encouraging that the zeros of the noise transfer function stay the same, giving us some
hope that the noise-shaping property is robust.

Linear Models:

e

e’

k

y=u+h*e

y=g’*u+h’*et,
GJz

H
k
H’z
k+(l-k)H’
k+(l-k)H

Figure 1.15: The quantize-gain paradox: placing a gain element in front
of the quantizer leads to a different linear model.
The best linear model of a sigma-delta modulator is one that tries to minimize the error
term. The minimum of the mean-square value of e occurs when e is uncorrelated with x.
Mathematically,
E(ex) = 0
e

E((y - Ax)x) = 0

H

E(xsgnx4x2)=0

H

E(lxl)
k=Efx21

We see that the optimal k for analysis depends on the statistics of x. Consequently the
computation of k will, in general, require simulation. Even worse, the statistics of x depend
on the input, so we are back to having to do simulations for each input of interest. It is not
surprising that most linear analyses simply assume that k=l.

1.5.2 The Describing-Function Method
A more advanced model of the quantizer uses a quasi-linear method based on the
describing-function method [Kochenburger 1950]. Various forms of this method have been
developed, see for example [Smith 1966] or [Atherton 1981]. Ardalan and Paulos have
achieved good results with a moderately sophisticated variant [Ardalan and Paulos1987J.
Figure 1.16 illustrates the application of their method to our general XA modulator.
The input to the comparator, x, is decomposed into two parts: the signal component, xO,
and the noise component, xl. The signal component is proportional to the input, u,
whereas the noise component is uncorrelated with u. The quantizer is modelled as two
separate linear gains plus a noise source, n. The gains are chosen to minimize the meansquare value of n and consequently depend on the input. The result is that the modulator
can be separated into two linear systems: one for the signal component and one for the
noise component.
The quantizer model.
X+W=sgnx

Z

Applied to the general modulator yields

Figure 1.16: The describing-function method applied to the general
modulator yields two linear systems: one for the signal and
one for the noise.

With the aid of a few assumptions, such as xf having a Gaussian probability density
function, Ardalan and Paulos were able to derive how the noise power depends on the
input signal for constant and sine-wave inputs. This allowed them to predict the shape of
the SNR versus input amplitude curve, and to find conditions on the input required for the
stability of a second and a third-order lowpass modulator. The main problems with this
approach are that the analysis is specific to a given modulator, that it is difficult even with
simple inputs, and that it results in only approximate answers. In particular, the conditions
for stability are not completely rigorous.
1.5.3 Exact Analyses
Gray et al. have been able to perform exact analyses for specific inputs, DC and sine wave,
on two specific modulators: first-order lowpass [Gray 1987][Gray 1989][Gray, Chou and
Wong 1989] and second-order MASH [Wong and Gray 1990]. Although completely
correct, these feats of algebra are too narrow and too opaque to be practical. Knowing the
behavior for one input is of little help in understanding the behavior for the sum of two
inputs because the circuits are not linear. As well, the analyses are specific to particular
modulators and difficult to generalize to others. He, Kuhlmann and Buzo [ 1990] have
succeeded in analyzing the second-order modulator with two-bit quantization, but an exact
analysis of the single-bit double loop modulator is still unavailable.

1.6 Summary of Sigma-Delta Modulation
Sigma-delta modulation offers a clever technique for making inherently linear digital-toanalog converters. It employs fast clock rates and digital signal processing to achieve
reduced sensitivity to analog components. Modulators with excellent performance are
continually being reported.

Despite this clear success, basic theoretical understanding of XA modulation is lacking.
Exotic high-order modulators can be designed, but one must rely on lengthy simulations to
verif’y their stability and to determine their dynamic range.

2 Bandpass Sigma-Delta Modulation
We have seen that a EA modulator can convert an analog signal to a digital one while
preserving the low-frequency content. In this chapter, noise-shaped coding is extended by
demonstrating that noise-shaping modulators can be designed to preserve the content in any
narrow band of frequencies. This enables us to achieve large values of R while keeping the
sampling rate well below 2R times the upper frequency of interest. The resulting system is
dubbed a bandpass sigmu-delta modulator.

2.1 The Bandpass Leap
A basic premise of ZA modulation is that the sampling rate is much greater than the highest
frequency of interest present in the input. This is necessary because ordinary (lowpass)ZA
modulators have zero quantization noise only near DC. If one were instead to null
quantization noise at a non-zero frequency, say o&, then one would expect to obtain good
accuracy near aO. Figure 2.1 contrasts the pole/zero placement of the error transfer
functions for lowpass and bandpass XA modulators, and highlights their respective
passbands.

Figure 2.1:

Comparison of the pole and zero placements of error
transfer functions for (a) an ordinary second-order

lowpass modulator and (b) a fourth-order bandpass Lb
modulator.

The oversampling ratio, I?, is defined such that R=l corresponds to a passband which
spans the entire unit circle, i.e. R = * aB. This is consistent with the definition in the
/
lowpass case, provided the bandwidth, @, is defined to include only positive frequencies.

2.2 Simulation Examples
With the above realization and the knowledge of the first chapter, it is a straightforward
task to propose possible bandpass ZA modulators. All we need are candidate noise transfer
functions. This section presents the simulation results for two simple noise transfer
functions:
H,(z) = I- 438 + P

(2.1)

(z~-Tlzz+q

4w = z4 -2.1757~~ +2.3077z2 -1.3054~~ +0.3846
The first is second-order with single zeros at z= yakya, i.e. m0 = s, and two poles
at z=O. This modulator is analogous to a first-order lowpass modulator in the sense that the
zeros have a multiplicity of one. The second modulator is fourth-order, with zeros of
multiplicity two, and so corresponds to a second-order lowpass ZA modulator. For the
fourth-order modulator, stability requires that the poles be moved away from the origin.
The poles were chosen such that ~~IY[~_, = I. 625 < 2, in accordance with the maximum gain
stability criterion [Lee 1987] [Chao, Nadeem, Lee and Sodini 1990].
Figure 2.2 plots the signal-to-noise ratio as a function of the input signal amplitude for the
above modulators. The band-of-interest is centered on e_+, = Z/4, and has a width of Z/512.
The SNR was determined by injecting a single tone at the lower edge of the passband for
218 samples and then taking a Harm-windowed FFT of the output to find the ratio of the
tone power to the in-band noise power.
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SNR as a function of input amplitude for the two candidate
bandpass modulators; R=512. A sine wave of unit
amplitude corresponds to 0dB.

These simulations may be compared to theoretical predictions by proceeding as in Section
1.3. The magnitude of the noise transfer function near a zero of multiplicity m is
approximately

where

Thus the noise power in the band [ a0 - nhR9 a0 + nhR] is

where it has been assumed that the error signal is uniformly distributed over [-I,+Z] and
white, so that its power spectral density is v3. For a bandpass modulator of order n the
zeros have multiplicity m = n/2 and so the in-band noise power is

For the second- and fourth-order modulators under consideration, k =& and 13

,

respectively. The dotted lines in Figure 2.2 plot the analytical prediction (2.6) along with
the results from simulation. We see that the linear anaIysis predicts the performance of the
fourth-order modulator well except when the input is large. This indicates that the in-band
power of the error signal increases when the input is large- a phenomenon which, as we
have seen, the linear analysis does not model. For the second-order modulator, the
predictions go especially awry when the input is small. This indicates that the error
spectrum is distinctly colored, with a large amount of in-band energy. This lack-ofwhiteness is reminiscent of the fiit-order lowpass modulator. The fact that we don’t see
this behavior in the fourth-order bandpass modulator is consistent with the fact that the
second order lowpass modulator tends to possess whiter error spectra than the first-order
one.
These simulations show that it is indeed possible to design bandpass ZA modulators. As a
numerical example, take the clock rate to be 8MHz. Then the fourth-order modulator
achieves 17 bits of linearity for a band-of-interest with a center frequency of 1MHz and a
bandwidth of 8kHz. These numbers suggest that it may be possible to build a high-quality
analog-to-digitaI converter for narrow-band RF signals, such as AM radio, without the use
of a mixer and a conventional A-to-D [Jantzi, Schreier and Snelgrove 199 1].

2.3 Decimation and AM Demodulation
In an analog-to-digital converter, the modulator is only half the system. The other half is a
digital filter which converts the high-speed bit-stream into a multi-bit output at the Nyquist
rate, as shown in Figure 2.3. In lowpass ZA modulation, the first stage of filtering and
decimation can be done with a sin& filter fashioned out of very simple logic: a counter and

k-I adders [Candy 1986]. For bandpass XA modulation, we need to do narrowband
filtering on a high-speed bit-stream. At first glance this appears to be a major hurdle but it is
the purpose of this section to show how this feat is accomplished.
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An analog-to-digital converter based on a bandpass ZA
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Figure 2.3:

2.3.1 Complex Modulator and Complex Lowpass Filter
The band of interest can be modulated down to DC using a complex modulator, as shown
in Figure 2.4. If we implement this scheme directly, two high-speed n-bit multipliers
would be needed for the modulator, and as the lowpass filter no longer operates on a bit
stream, it would have to be a full-fledged digitalfilter

t
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Figure 2.4:
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A complex modulator followed by a complex lowpass
filter The double-slashes denote two n-bit streams.

2.3.2 Simplifications
The complex modulator can be simplified if c.~~ is a simple fraction of the sampling rate.
For then the modulation sequence is periodic and we can replace the multipliers with a
small look-up table.
As an interesting special case, we see from Figure 2.5 that if we choose a0 = nd,
/ the sine
and cosine sequences have a very simple structure: each term is either 0, &I or & 1
/fi*

Figure 2.5: Modulator and filter split into real and imaginary parts.
The streams can thus be split in two, one containing integers and the other containing
’
integers times y*:

Using the linearity property of the multiplication and filtering operations, we can separate
the streams into rational and irrational parts, as illustrated in Figure 2.6. Note that the first
stage of decimation is now done by lowpass filters operating on a bit stream, just as in the
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case of lowpass modulation. Also note that the multiplicands are now just 0 and 31, and
can be effected by simple boolean operations. The last stage of decimation requires a more
sophisticated filter, but it is now feasible because it operates at a low speed.
From Figure 2.6, it appears that four preliminary lowpass filter/decimators are now
needed, but more simplifications are possible. The presence of so many zeros suggests
multiplexing the hardware of a reduced number of lowpass filters. If it were not for the
overlap of non-zero terms in the irrational streams of sine and cosine, a single lowpass
filter could be multiplexed to implement this structure.
By using the sum and difference of the irrational streams their overlap is eliminated and
thus multiplexing a single filter becomes possible, as shown in (2.8) below. The digital
signal processor implementing the fmal stage of filtering and decimation is then responsible
for calculating the values of the real and imaginary inputs from the values in the four sets of
registers in the primary decimator.

Figure 2.7 shows the simplified block diagram of a triangular decimator built with this
scheme. Note that only one adder is required in the implementation of all fourfilters
2.3.3 Analysis of the First Stage of Decimation
The goal of the first stage is to reduce the sampling rate as much as possible while
maintaining an adequate SNR. In a communications application, the decimation filter must
also provide sufficient rejection of out-of-band signals that get aliased to baseband. For this
analysis it will be assumed that the only source of noise is shaped quantization noise.
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Ultimately simplified complex modulator and first-stage
triangular lowpass filter/decimator.

To calculate the expected in-band noise power after decimation, one must add the noise
power from the various images, Nf , to the original in-band noise, Nj. With a sin& filter
and decimation by a factor N, the noise power from image I is given by

which for small COB can be approximated by

(2.10)
N-l

The total noise power is the sum of these terms: Nt = c Nf .
i=O
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so- Analytical Predictions

I

Signal-to-noise ratio of the first stage output as a function
of the amount of triangular decimation. The input was a
- 1 OdB sine wave.

Figure 2.8 shows the trade-off between the SNR and the degree of triangular (k=2)
decimation for the fourth-order modulator, assuming the only source of noise is shaped
quantization noise. The simulation results are within a few dB of the analytical predictions.
With decimation by a factor N=32, the SNR for a - 10dB sine wave input is predicted to be
99.7dB; simulations yield 99.8dB.
2.3.4 The Last Stage of Decimation
The final decimation is done with a full-fledged digital filter. By examining the noise
spectrum and the requirements for alias rejection, the system designer can derive a set of
specifications for this filter and it can then be designed with standard techniques. The
design of this filter is no different than the design of the final decimation filter in an A-to-D
based on a lowpass ZA modulator.

Figure 2.9 shows the spectrum of the output of the first stage for triangular decimation by
a factor of 32 for our running example. The input tone is visible in the middle of the lower
sideband. We can use this Figure to estimate the requirements of the final decimationfilter
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Figure 2.9 :

FFT bin (256 bins, 8 bins per tick)
The output spectrum of the fourth-order modulator, after
multiplication by a complex exponential and triangular
decimation by a factor of 32. The input is a -13dB tone in
the lower sideband.

From Figure 2.9 we see that the noise power in each bin is about -63dB. There are 31
images of eight bins each, for a total of nearly 28 bins. The combined noise power in the
unattenuated images is thus -63dB+(8 x 3)dB=-39dB. The signal power is -13dB, so for a
SNR of 95dB we expect to have to attenuate the images by no more than
(95+13-39)=69dB.
Simulations show that a fifth order elliptic filter with 0.5dB of passband ripple and 60dB of
stopband attenuation has a sufficiently sharp cutoff and sufficiently high stopband
attenuation to achieve a SNR of 97.8dB when its output is sub-sampled by a factor of 32.
Note that in bandpass ZA we decimate by a combined factor of 2R because of the presence
of both real and imaginary channels.

Once the real and imaginary channels are brought down to the minimum rate, they need to
be combined to yield the demodulated baseband signal. For AM applications, it is sufficient
to take the magnitude of the complex output For single-sideband communications, the final
stage must either be a positive-pass or a negative-pass filter. For phase or frequency
modulation one must find the argument (angle) of the output. Only in this last case is it
automatically mandatory for the decimation filters to be linear phase.

2.4 Summary
Simulations have been used to show that bandpass ZA modulation works. The design of a
bandpass ZA modulator makes use of the same techniques as are used in the design of
high-order lowpass modulators, and the decimation hardware is only slightly more
complex. Beneficial side-effects of the decimation process are rejection of out-of-band
signals and translation to baseband.
Although the examples presented here use a0 = X4,
/ it is clear that similar results can be
achieved for other simple fractions of the sampling rate; CUE = X2
/ is particularly simple.
For arbitrary passbands, the decimation circuits would require fancier logic but the
modulator design process would not be affected.
Of course, it is also possible to have multiple passbands, or to use bandpass ZA to do
narrowband digital-to-analog conversion. Other natural modifications to the modulators
considered here include spreading the zeros across the band-of-interest to minimize the inband noise power, and taking advantage of the available analog circuitry to filter the
incoming signal [Jantzi, Schreier and Snelgrove 1991].

3 Sigma-Delta Modulation as a Mapping
This chapter takes an abstract view of ZA modulation in order to identify some of its
fundamental properties. The viewpoint taken is that the transformation of the input
sequence, u, to the output sequence, y, accomplishes a mapping in the mathematical sense.
For convenience, we will consider only binary modulators with a signal transfer function
of unity and an initial state of zero. In this case, y may be computed fromu according to the
following recursion:
x(r) = u(t) +

&(i)e(t - 1)

t20

(3.1)

i=l

t20
t20
tco

(3.21
(3.3)

These equations could be modified to handle more general modulators as follows. An
arbitrary signal transfer function could be incorporated in these equations by replacingu in
Equation 3.1 with its filtered version. Also, the signum function in Equation 3.2 could be
replaced by a staircase to provide an n-level encoding. Finally, a non-zero initial state could
be captured by altering the definition of e for tc0 in Equation 3.3.

3.1 The Mapping is Many-to-One
The first and most trivial observation one can make about this mapping is that it appears to
be many-to-one. The intuition which justifies this observation is that the input is a sequence
of real numbers whereas the output is a just a sequence of bits. Thus there is a massive
reduction in the information content of the signal, suggesting that there may be an infinite
number of input signals which yield the same output. This argument is not rigorous, but
Section 3.3 will present a result which validates our intuition.

3.2 The Mapping is Idempotent
The second observation is that the mapping is idempored.
Proof: Suppose u is the output of a ZA modulator, i.e. u(r)=21. We show by induction

that e=O.
Basis: e(t)=0 for t<O is given.
Recursion: Assume e(t)=0 for MT-I. We desire to show that e(T)=O.
By Equation 3.3, x(T)=u(T) since e(t)=0 for t<T-I.
Since u(T) = &I, y(T) = sgn(x(T)) = x(T), and consequently e(T) = 0.

Thus the induction step is satisfied and we conclude e=O. Consequently ~=x=u, and we
have shown that the image of a binary signal, such as the output of a ZA modulator, is the
original signal.
Alternate Proof (for the visually-oriented): It can be seen from Figure 3.1 that if the initial

state of the H-l block is zero, then x(O)=u(O). If the input is quantized in exactly the same
manner as the output, then y(O)=u(O) and e(O)=O. Thus the state of the H-l block stays
zero and by induction we conclude that y=x=u and e=O for all time. This result falls out
quickly because the way we draw a ZA modulator directly reflects Equations 3.1 to 3.3.
The idempotence property is shared by multi-level ZA modulators, but the zero initial state
and the unity signal transfer function requirements cannot be relaxed.

1 An operator is said to be idempotent if composition with itself yields the same operator. If
the transformation were linear, this would be equivalent to saying that EA modulation is a
projection.
\

Figure 3.1:

A sigma-delta modulator with an error transfer function H
and a signal transfer function of one. Replicated from
Figure 1.9.

One of the consequences of this property is that it is possible to excite a EA modulator in
such a way that any binary output sequence is produced. Simply apply the desired
sequence to the input. A mapping wherein for each element of the range there exists a
member of the domain which maps to that element is said to be surjective.

3.3 Equivalent Inputs
It was claimed earlier that many inputs yield the same output. What these signals have in
common depends on the modulator under consideration. For an ideal lowpass modulator,
H has a zero at DC and all signals corresponding to the same output must have the same

DC value. For a bandpass modulator, H has a zero at u0 and so the input and the output
must have the same aO-component. Can we be more specific? What can we say about the
general case?
We know from the preceding section that applying a binary signal, y, to the input yields an
output of y and that in this case x=y. Other inputs which yield y differ from it by amounts
small enough such that the sign of x does not change.
Consider for a moment the sequence u(?) = y(r) + &z(f), where E is a small number. At
time zero, x(O) has E added to it, and this will not change the sign of x iff E is small
enough, i.e. iff
(3.4)
or

e 2 -1 when y(O) = 1 and e c 1 when y(O) = -1.

(3.5)

If this condition holds, then e(O) = -E. Thereafter, the If-1 block produces -.$I, which
precisely cancels the succeeding terms of our perturbation to u. The result is that only one
sample of x is altered, and this change is small enough that it does not affect y.
We can add many similar perturbations to u, each affecting precisely one value of x, by
shifting &h along the time axis. Collecting these perturbations allows us to write a formula
for inputs u which yield the output y:
U(t) = y(f) - ze(i)h(t - i),
i=o

(3.6)

u=y-h*e,

(3.7)

e(z) 2 1 if y(i) = 1 and e(i) B -1 if y(i) = -1.

(3.8)

or
where

It is possible to show that all inputs which yield y are of this form. Thus we have a formula
for the set of all inputs which give rise to any output and this formula provides a rigorous
justification of the intuition of Section 3.1.
One interpretation of (3.7), which yields a familiar result, is that the output is the input plus
a filtered error. If the error is assumed to be white and uniformly distributed in [-I,+]], so
that its power spectral density is $$ then one can make use of (3.7) to compute the noise
power of y in the band

[q, q]:

This is precisely the method we used in the preceding chapters and the one that is used
almost universally in analytical calculations of the signal-to-noise ratio.

If no assumptions are made about e, other than its power being bounded by 4, then an
upper bound may be put on the in-band noise power,
(3.10)

i% 5 ~$~*/++qX
which shows that as long as Pa is not too large, the in-band noise will be small.

An alternative interpretation of (3.7) begins with a restriction on the size of e. If we insist
that e(i) E (-1,1], then the condition (3.8) is satisfied, no matter whether y = +1 or y = -1.
In addition, [x(i)1 S 2 and so the modulator is stable. Thus (3.7) can be used to find all the
inputs which keep the modulator 1 -sruble, where l-stable is defmed to mean [e(i)1 S 1. This
set is:
tY1 =

u[ u=y-h*e,
where y(r) = ZH and e(f) E (-1,1]

’

(3.11)

For these inputs the modulator is guaranteed to work, in the sense that the error signal is
always less than 1 and so the bound (3.10) holds with fa = 1. Any other input will
overload the modulator, at least momentarily. If one could fmd the smallest signal which is
not in the set U,, then one would know the input limit of the modulator- a very important
parameter. Clearly, a good understanding of the set U, is of practical significance. More
will be said about this set and others like it in the next chapter.

3.4 Limit-Cycles and Amplitude Quantization
We know that if a ZA modulator is excited with a binary-valued signal, then the output
follows the input. If, in addition, the input is chosen to be periodic, then the output will be
periodic as well. Since many inputs can yield that output sequence, it is conceivable that
riodic signals, perhaps just the aO-component of the periodic signal, would give
Pe
rise to the same periodic output, or limit-cycle. We see by this argument that the
othe

idempotence property of ZA suggests the existence of limit-cycles.

3.4.1 Ideal Modulators
A great deal is known about limit-cycles in the ideal first-order and second-order lowpass
ZA modulators. Gray [Gray 1987] explored the behavior of the first-order modulator with
a rational input and showed that the output is always periodic. Friedman [Friedman 1988]
did likewise, but also showed that for a rational input, the output of a second-order
modulator will only be periodic for particular initial states.
What happens in the general case is more uncertain, but some universal statements can be
made. For an input to produce a limit-cycle, the input and output must have the same
aO-component if the modulator has a zero at aO. Thus for a modulator with a zero of the
error transfer function at a0 = 0, the average value of the input must equal the average
value of the limit-cycle, which can only be a rational number. If the modulator does not
have a zero at DC, then a constant input need not be rational to give rise to a limit-cycle.
In the bandpass case, it is not clear that a limit-cycle can be supported by simple input, such
as a sine wave at tiO. Consider a second-order bandpass modulator with an error transfer
function H = 1 -Y/%-’ + z-‘. It has a zero at a0 = x/4 so the period of a limit-cycle with a
non-zero @O-component must be a multiple of 8. Some possible length-8 limit-cycles and
their aO-components are shown in Table 3.1. To determine whether or not the supposed
sequence can be produced by the modulator, it is necessary to get the modulator in the
correct state. It was found, by simulation, that it is possible to get the modulator in
approximately the right state by initially applying the desired limit-cycle to the input and
then slowly decreasing its non-@O-components to zero. Table 3.1 shows for which test
patterns this process succeeded in exposing a limit-cycle. We shall see that it is possible to
verify these results analytically using the discrete Fourier transform.

Table 3.1:

Some possible limit-cycles in a second-order bandpass
modulator (UO = nd).
/

Bandpass modulators, like their lowpass counterparts, do indeed exhibit limit-cycles. As a
result, one can expect to fmd all the limit-cycle related phenomena that areknown to exist in
lowpass modulators, especially the existence of in-band tones which degrade the signal-tonoise ratio for particular inputs.
It is worthy of note that in contrast to the lowpass case, a bandpass modulator can produce
an output that is an exact representation (in a narrow band) of an input whose peak value
exceeds 1, the peak value of the output. In the case of the modulator above, the largest such
signal has a peak value of approximately 1.3 (the fourth entry in Table 3.1). In general, the
limit is the magnitude of the @,,-component of the limit-cycle sgn(sin(&+,t)). At c+, = x2,
/
the limit is fi and it decreases to 4/z as C& + 0. Of course, the root-mean-square value
of such a signal cannot exceed 1.
3.4.2 Non-ideal Modulators
In a modulator with a zero at CD0 a limit-cycle with a non-zero UO-component can only exist
for specific input phases and amplitudes. If H(e’%) f 0, i.e. the modulator is not ideal,
then a range of input amplitudes and phases can sustain a limit-cycle. Figure 3.2 displays
the uO-component of the output sequence as a function of the amplitude of a sine input for

ideal and non-ideal versions of the second-order bandpass modulator. The non-ideal
modulators have their zeros moved radially by a factor 1- 6, and Figure 3.2 uses the
relatively large values of ~5 = ti.1 to make the non-ideal behavior readily apparent.
We see that the curves for 6 > 0 and ~5 c 0 are qualitatively different. For positive ~5,
where the zeros move inward, the output amplitude tends to increase in steps, whereas for
negative ~5 the curve is much smoother, but saturates at a much lower input level. The flat
portions exist for 6 > 0 but not for 6 c 0 because limit-cycles are persistent2 if and only if
H-l is stable.
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Output amplitude as a function of input amplitude for ideal

and non-ideal bandpass modulators with a sine input.3

2 Persistent means that the limit-cycle is able to survive small perturbations. The terms
stable or attracting are often used in the nonlinear oscillator literature to denote similar
ideas. The only limit-cycles which are observable in practice are those which are persistent
3 This Figure was produced by applying sine wave inputs of various amplitudes to a
modulator with an initial state of zero. If, instead, a sine wave whose amplitude was swept
across the range indicated were applied to the input, the plots would likely show hysteresis.

This last statement is actually a special case of a more general result: the output of a XA
modulator is predictable4 if and only if f!Z-1 is stable.
Essence of the proof: Suppose y is an output corresponding to an input u. Since y is
assumed to be known exactly, we can remove the quantizer from Figure 3.1 and supply y
as an input, as shown in Figure 3.35. The XA modulator thus becomes a linear system
with two inputs, u and y.

Figure 3.3:

A XA modulator with the comparator removed and the
output considered to be an input.

The transfer functions from u to x and y to x are H-l and 1- H-', respectively. If H-' is
unstable, then small perturbations in u, caused for example by noise, will cause x to change
by increasingly large amounts, until y is no longer sgn(x) or x becomes infinite. If H-j is
stable, perturbations that are small enough will not be magnified to the point where the sign
of x is changed, and so the output will not change. See Appendix A for a full proof.
A straightforward technique, which uses the discrete Fourier transform, exists for
calculating the maximum width of a given output amplitude plateau or for verifying that a
limit cycle exists. An example will be used to illustrate the technique.

4 A system is said to have a predictable output if inputs which are close to one-another
produce outputs which are likewise close. In the present context, since the output takes
only discrete values, outputs which are close are taken to be identical.
5 This technique of “opening the loop” was popularized by Tsypkin, and the author
acknowledges Soren Hein [Hein and Zakhor 1991] for pointing out the originator of this
technique. The feature of the signum nonlinearity which this technique exploits is that the
signum function is piece-wise constant.

From the time-domain simulations used to produce Figure 3.2, it was found that the limitcycle corresponding to the output amplitude plateau at 0.7632 has a length of 24 samples:
y=~+++-+--+-++----+-++-+-~

(3.12)

The input is a sine wave of amplitude A and frequency u0 = n/4 :
u(r) =

Asin(aOt),

(3.13)

and x is found via
x=Ax,+x2

(3.14)

where
Xl

g-+

A=

H-ysin(al(#)),6

(3.15)

and
x2 =

(I - K’)y.

(3.16)

The xl-sequence is a sine wave with an amplitude of [H(=j%)r and a phase of
-arg(+‘%)), and the x~-sequence is easily computed using the discrete Fourier
transform. With these sequences known, it is a simple matter to determine limits on A,
[A,&], which satisfy the consistency condition y(r) = sgn(x(r)).
For each r where y(t) = sgn(x,(f)), A must be larger than a certain minimum value,
@I minimum value of A is the largest of these lower limits:
-- xz. The
x, 0)
(3.17)

6 A term of the form Lx, where L is a transfer function and x is a sequence, denotes the
sequence (signal) which is the output of a system with a transfer functionL and an input x.

Likewise the maximum value of A is:

(3.18)

For the limit-cycle under consideration, this procedure yields the A - r a n g e
(0.7438,0.8343), which has a width of U.U905. The simulations used to produce
Figure 3.2 give the width of the plateau as O.O9%I.O1, which agrees with the calculated
value. This is somewhat fortuitous, since the analytical calculation assumes that the
modulator is in the correct state for supporting the desiredlimit-cycle- there is no guarantee
that an input of the correct amplitude is sufficient to produce the limit-cycle when the initial
state is zero.
The numerical details of the foregoing calculations have been relegated to Appendix A.
This procedure may be repeated for non-zero phases of the input sine wave, to find the
amplitudes and phases which can support this limit-cycle. The resulting set is shown in
Figure 3.4. The boundary has comers since the critical values of t in (3.17) and (3.18)
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Figure 3.4:

The set of amplitudes and phases of a sine wave
capable of supporting the limit-cycle in Equation
(3.12).

0.1

change as the phase changes, but each segment is approximately linear over the small
phase-ranges seen here.
An interesting feature of this Figure is that the phase range is rather narrow: about
# degrees. An innovative designer might find that a simple, low-quality, bandpass
modulator such as the one used here could serve as a crude sort of phase-detector, one with
a digital output.

3.5 Summary
This chapter examined ZA modulation from a mathematical viewpoint and showed that it
accomplishes an idempotent, surjective mapping. The inputs which yield a particular output
form an equivalence class, and a formula for the elements of these classes was given. This
formula can be used to justify the traditional frequency domain arguments used in the
anaIysis of EA modulators and to determine the inputs which keep the modulator stable.
This chapter also investigated limit-cycles, showing that they exist in bandpass modulators
and that they lead to amplitude quantization when H-l is stable. An efficient procedure for
calculating the maximum width of an output plateau and for verifying the existence of a
limit-cycle was given.
When H-l is not stable, limit-cycles are not persistent and so cannot be observed in
practice. In fact, when H-* is not stable, the output is not even predictable: arbitrarily small
changes in the input or in the state of the modulator can cause the output to eventually
change from +1 to -1 or vice versa. Aperiodic behavior and a lack of predictability are two
of the hallmarks of chaos [Gleick 198 1][Parker and Chua 1987]. It is remarkable that the
rule for the transition from periodic behavior to aperiodic and possibly chaotic behavior in a
ZA modulator has such a simple form: He' stable or not.

4 Stability in a Noise-Shaped Modulator
A modulator is said to be stable if the input to the quantizer is bounded, or equivalently, if
the error signal, e, is bounded In a modulator which is operating stably, e has finite power
and the modulator essentially works as desired since the in-band component o f h * e is
small. In addition, circuits which implement the describing equations of a ZA modulator
can only be built if e is bounded. Clearly, stability is a very desirable property.
Stability is a pressing issue in the design of noise-shaped modulators. Simulations are
widely used to determine if a modulator is stable, and if so, to find its dynamic range. This
approach is serviceable, but does not possess the comforting certainty one would have
were there an adequate analytical test for stability. Several investigators have proposed
simple criteria based on the magnitude of the frequency response of the error transfer
function, but this chapter will show that these are wrong. To counter this disappointment, a
rigorous test based on the impulse response and the size of the input is presented and the
coverage of this rule is illustrated.

4.1 Stable Inputs
The investigation into stability begins with the observation that stability is conditional upon
the input. From the preceding chapter, we have seen that an input u will give rise to an
output y if and only if there exists e such that
(4.1)
and
(4.3)

The set of all inputs which ensure e(t) E (-M,M], called the set of M-stable inputs, is
given by

&={d

u satisfies (4.1), y satisfies (4.2) and e(f) E (-M,M]}.

(4.3)

The case M=1 is a natural choice since one often assumes in the linear analysis of a ZA
modulator that e is uniformly distributed over [-1,1]. This yields the set presented in
Section 3.3, and is repeated here for comparison with (4.3).
Ul =

u I u(t) = ~0) - (h *e)(t),
where y(r) = kl and e(r) E (-I,11

*

(4.4)

These formulae show how stability depends on the input. Every modulator has inputs for
which it is stable in the sense that e remains bounded, and the set of all such inputs has a
very special structure. The set consists of non-overlapping islands, one for each possible
output sequence, which may touch along their edges. In the case M=1, the h*e term is
independent of y, so the islands all have the same shape with the output sequence at the
center of each one.
To make this more concrete, consider these sets in two dimensions: the first two samples of
u. If e(f) = 0 for r c 0, (4.1) becomes
u(O) = Y(O) - h(O)e(O)
u(l) = y(l) - h(O)e(l) - h(l)e(O)

(4.5)

and for M=l, (4.2) becomes
(4.6)

Figure 4.1 plots the set of l-stable inputs for the first-order lowpass modulator,
h = (I,-1,O.. .) , and the second-order lowpass modulator, h = (1, -2,1,0.. .) . The set of I -

stable inputs is a union of identical, disjoint hyperparallelepipedsl centered on every
possible output sequence. The key question is whether this set covers a useful set of
signals or not.
The input u=O is particularly crucial as it is likely the center of any useful set of signals. It
appears to be well within the l-stable set for the first-order modulator, but only on the
boundary for the second-order modulator.
rJ(l)

Figure 4.1:

u(l)

The l-stable set, U,, for the standard first and secondorder lowpass modulators. The dots represent the four
possible
output
sequence:
(+1,+1),(+1,-I),(-1,+1) and (-I,-]).

Figure 4.2 shows the set of M-stable inputs for the two modulators when M is increased to
2. The parallelograms grow outward, along some of their exposed faces and so no longer

remain centered on the output sequences. Note that the origin is covered in both diagrams,

1 A hyperparallelepiped is the n-dimensional analog of a parallelogram (2 dimensions) or a
parallelepipcd (3 dimensions).

indicating that zero may belong to the set of 2-stable inputs for both modulators (it in fact

Figure 4.2:

The 2-stable set, UZ, for the standard first and secondorder lowpass modulators.

The pictures are somewhat misleading because they only deal with two instants in time.
When the number of samples becomes infinite, some of the impressions induced by
Figures 4.1 and 4.2 are wrong. For example, it appears that any input which is sufficiently
close to an output sequence ought to belong to the set of stable inputs which give rise to
that output. However, we know from section 3.4.2 that when K’ is unstable and y is
assumed fixed, arbitrarily small perturbations can be magnified to the point where either x
becomes infinite or y becomes inconsistent. In either case, this implies that points
arbitrarily close to the output pattern may not belong to the set of stable inputs which
correspond to that output: the islands have zero width in almost all directions and
consequently the idempotence property is not robust.

The pictures of the stable input set are quite simple in two dimensions, but as the number of
dimensions grows, they quickly become impossible to visualize. Despite the fact that (4.3)
provides a compact expression for the set of stable inputs, it is very difficult to estimate the
coverage of this set and so it has been abandoned as a method for testing stability.

4.2 Zero-Input Stable Modulators
The preceding section showed that stability is conditional upon the input, with zero being
especially important. This signal is “in the middle” of all the islands of stability and in that
sense is equally remote from all of them. In addition, it is certainly the case that any useful
modulator should be stable with zero input. This section examines the set of zero-input
stable modulators.
A ZA modulator is characterized by its noise transfer function. The set of all noise transfer
functions is infinite-dimensional but one can only draw pictures of finite-dimensional sets.
For the purposes of the bulk of this chapter, it suffices to examine the three-dimensional
set: /z=(I, /z(I), h(2), h(3), O...). For each h chosen from this set, a simulation of the
modulator corresponding to that h was run and the maximum value of e was noted. Figures
4.3,4.4 and 4.5 plot the maximum value of e, [je]l_, for various h(l) and h(2), when h(3)
is -0.5,O and +0.5, respectively.
These pictures show that we are dealing with a very complicated object. There exist a few
simple criteria in the IZA literature which have been used to predict the stability of a ZA
modulator, but it will be shortly seen that the simple regions they delineate bear only a
rough resemblance to the complex object seen here.

s

.

4.3 Rules of Thumb
The brute force stability test of the preceding section required a modulator to be simulated
for infinite time. A shortcut for gauging the stability of a ZA modulator is sorely needed,
and several authors have provided such criteria based on the magnitude of the frequency
response of H. This section presents these rules of thumb and shows them to be both
insufficient and unnecessary.
4.3.1 The Power Gain, or L2=Norm, Criterion
Agrawal and Shenoi [Agrawal and Shenoi 1983] give an argument akin to the following
for their test. If it is desired that the error signal be white and uniformly distributed over
[-I,+I], it must have a power of g. The power in the output signal is I, so it appears that
the power gain of the the error transfer function, ~~H~~~, ought to be less than 3. For the
parameterization of the error transfer function by the samples of its impulse response, this
rule of thumb corresponds to a sphere, and its circular boundaries are shown on Figure
4.6.

h(3) = -0.5

Figure 4.6:

h(3) = 0

The set of modulators stable (light gray) and I-stable (dark
gray) with zero input, plus several stability criteria gleaned
from the literature. No rule completely covers eitherset.

4.3.2 The Maximum Gain, or L--Norm, Criterion
Lee [Le1987] argues that if the gain of the error transfer function at every frequency is
less than 2, the resultant modulator will be stable. The boundary of this region is an
irregular curve, possibly with linear segments, and is also plotted in Figure 4.6.
This Figure indicates that the power gain and the maximum gain criteria are not necessary
conditions for zero-input stability. It will be rigorously established in Section 4.5 that
~~!z~~, I3 is a sufficient test for zero-input stability, and Figure 4.6 shows that this test
passes modulators which fail both frequency-domain criteria.
In Figure 4.6, the maximum gain criterion, ]]H]]_ 5 2, appears to be more conservative than
the power gain criterion, jjH]]z s 3, but in practice it can be the reverse. This happens
because noise transfer functions designed to satisfy ]]Hlj_ < 2 generally have gains near 2 at
most frequencies and consequently have I]# = 4. This is not apparent in Figure 4.6
because it deals with FIR error transfer functions of extremely low order.
4.3.3 Counter-Examples
Even worse than not being necessary, the power gain and maximum gain criteria are not
sufficient to ensure stability. Figure 4.7 shows a close-up of a part of modulator space
wherein completely unstable modulators pass both criteria.

-l.LJ
Figure 4.7: Modulators of the form h = (I, a, b, 0.15,+3,0.. .) which
are zero-input stable. Both the maximum gain and the
power gain criteria include modulators which are unstable.

4.4 Relations Among Error Transfer Functions
Before embarking on the development of rigorous stability criteria, it is worthwhile to make
some general observations on the relationships which exist among zero-input stable
modulators.
The equations which describe a ZA modulator with an initial state of zero and an input of
zero may be considered to form a set of nonlinear recursion equations:
x(r) = &+?(t - i),

t20

(4.7)

i=l

For a particular h, the x and e sequences can be calculated using (4.7) and (4.8). Are these
sequences related to those for other values of h?

4.4.1 Alternate Negation
h‘=(l,-h(l),h(2),-h(3),...) has e’=(e(O),-e(l),e(2),-e(3),...) and so h’ yields a zero-

input stable modulator if and only if h does and i[e’il_ = lidI_.
Proof: If e and x satisfy the Equations 4.7 and 4.8 for the parameter vector h, then

e’ = (e(O),-e(l),e(2),-e(3),...), x’ = (x(O),-x(I),x(2),-x(3),...) satisfy these equations
for the parameter vector h’. This will be shown by induction.
Basis: x’(O) = 0 = X(O) and e’(O) = 1= e(O).
Recursion: Assume x’(f) = (-1)‘x(r) and e’(r) = (-1)‘e(f) for r < T . Then
x’(T) = 2 h’(t)e’(T - f)
t4
= z(-Qth(z).(-l)‘-te(T -r)
t=1
= (-l)‘zh(t)e(T -f)
= (-&;T)
If T is even, x’(T) = x(T) and so e’(T) = e(T).

If T is odd, x’(T) = -x(T) and so e’(T) = -e(T) iff x(T) # 0. The possibility that x(T) = 0
for T odd is a very singular one, and so will be discounted. (If x(T) = 0, then arbitrarily
close to the given h there is another value of h which does not suffer from this perversity.)
Thus we can multiply the odd terms in the x, h and e sequences by -1 and the nonlinear
recursion equations will (generically) be satisfied. This explains why Figure 4.5 is a
mirror image of Figure 4.3 and why Figure 4.4 is symmetrical about the vertical axis.

When the input is non-zero, these relations continue to hold if alternate terms in the input
are also multiplied by -1.
4.4.2 Zero-padding

Proof: If e and x satisfy the nonlinear recursion equations for the parameter vector h,
then it is readily apparent that the sequences e’ = (e(O),e(O),e(l),e(l),e(2),e(2),...) and
x’ = (X(O),x(O),x(~),x(~),x(2),x(2),...) likewise satisfy (4.7) and (4.8) for the parameter
vector h’.
Physically, this transformation corresponds to replacing all z-* delays with zm2 delays. The
result is that the modulator behaves in the same manner as two copies of the original
modulator, with all sequences interleaved.
Corollary: It is possible to put k zeros between all the samples in the impulse response and
not alter the stability of the equations. The error sequence then consists of k interleaved
copies of the original sequence.
A moment’s consideration is sufficient to verify that a similar relation holds when the input
is non-zero.
4.4.3 Alternative definitions of e
From the linear model paradox of Section 1.5.1, it can be observed that a ZA modulator
H
, where k>O, can be made
with an error transfer function of the form H’ =
k+(A--k)H
from one with an error transfer function H merely by altering the definition of e. The signal
transfer function changes, but for an input of zero this is irrelevant, and we conclude that

H’ is zero-input stable iff H is. This relationship cannot be verified in Figures 4.3-4.5
since it converts FIR error transfer functions into IIR ones and lje’ii_ # ]ie]]_.

4.5 Rigorous Criteria
4.51 The tI-Norm Criterion
Anastassiou [Anastassiou 1989] shows that if llul]- 5 1, then the modulator is guaranteed
to be I-stable if

gpl(i)l Il.

i=l

A more general version can be proved as follows. From Equation 3.1,

5 ~lwl+ II4

if le(r - i)[ 5 I.

i=l

To ensure that le(t)[ 5 1, it is sufficient to ensure that &i)[ + ljui]_ S 2. Therefore, by
i=l

induction, the modulator is I-stable if
(4.10)
or, since h(O) = I,

pII, = p@y + pJwl s .? - ll4l~*

(4.11)

i=l

The diamonds corresponding to this test are plotted along with the two rules of thumb in
Figure 4.6. The [l!zi], -test is the only criterion mentioned in the literature which is correct.
Unfortunately, it can be ,the most conservative of all. As before, this is not apparent in
Figure 4.6 because it uses FIR error transfer functions of such low order.

Figure 4.6 clearly shows that none of the criteria examined completely covers what
appears to be the set of zero-input stable modulators. In particular, none of the stability
criteria says that a second-order lowpass modulator, h=(l,-2,1,O...j, ought to be stable,
yet empirically it is stable and is in fact a very popular modulator. This omission motivates
a more detailed examination of the conditions necessary for stability in aXA modulator.
4.5.2 First-Order FIR Criteria
The starting point is the simplest modulator imaginable: h = (1, h( 1),0,. . .) . Here there is
only one free parameter and this allows (4.7) and (4.8) to be combined into a single nonlinear equation:
e(r) = sgn( h( l)e(r - I)) - h( l)e( t - I).

(4.12)

Due to the symmetry present (Section 4.4.1), one may assume h(I)>O. In this case, (4.12)
can be simplified to
e(r) = sgn(e(r -

I)) - h(l)e(t - I).

(4.13)

Although this is a nonlinear equation, its simplicity allows one to determine the range of
h(l) for which e(t) is bounded. From (4. lo), h(l) 5 2 ensures 14 I 1. If h(l) > 2 then jei

grows without bound. For
[e(r)1 = [s&e(r - 1)) - h(l)e(r - I)1
2 lh( l)e( r - I)1 - I
> 2le(f - I)1 - I

together with
e(O) = I
implies that ie] increases monotonically and without bound.

From Section 3.4.2, where it was shown that limit-cycles can be persistent if H-l is stable,
we suspect that limit-cycles exist for Ih( c I. It turns out that the limit-cycles have period
1, i.e. e converges to a limit, e. :
e. = sgn(e.) - h( l)e.

which, if it is assumed that e. > 0, leads to
e. = l-

h(l)e.,

or
1
e* = 1+/2(1j
It can be proved that if e(-I)> 0, then the e-sequence converges to e. when
/z(l)<]. Forife(t-1)>0,
e(f) - ea = sgn(e(r -

1)) - h(l)e(t - 1) -e.

=l-h(l)e(r-l)=

1

1+ h(l)

-h(l)(e(t - 1) -e.)

and consequently e converges to e, if and only if h(l) < I. For e(-1) < 0, e converges to
-e..

Figure 4.8 plots the value of the state e(r) for various values of h(l), for D 1000. Note that
e does indeed converge to e. when 0 c h(l) c 1, and that it takes on a multitude of
vahies when h(l) > I. For h(l) > 2, the iterations blow up. The above results are able to
explain these primitive aspects of Figure 4.8, but are unable to explain the finer detail, in
particular the unusual distribution of e when [h(l)1 B 1.

e
45 =

--

Figure 4.8:

1

I+/(I)

The values of e for different values of I?(]), for an initial
state of zero and after the initial transient.

This plot is very different from those usually associated with a transition to chaos.
Typically, such a bifurcation diagram shows a “period-doubling route to chaos” [Gleick
198 1], but our system appears to go directly from period-1 behavior to chaotic behavior at
/z(I) = 1, or from period-2 to chaos at Iz( I) = -1.

4.5.3 Second-Order FIR Criteria for 1-Stability
This section studies the nonlinear recursion (4.7) and (4.8) with two parameters in or&r to
gain a better understanding of Figure 4.4.
From the derivation of the condition ~~I$ ~5 3, which for the present may also be written
as iI@] + 1/2(2] s 2, it is clear that this condition would be both necessary and sufficient for
I-stability if it were possible for (e(? - I),e(r - 2)) to take on any value in the unit square.
However, Figure 4.4 shows that there exist I-stable modulators with [/I( + 1/2(2)1> 2, so
it follows that for these modulators the state of the modulator does not range over the whole
unit square.
Figure 4.9 plots the values of the state of the modulator parameterized by /z(I)=I.7 and
h(2)=0.6. We see that indeed, {(e(t - I),e(r - 2))} is not the whole square; much of the

square is inaccessible. When Ih( + [h(2)1> 2, as in this case, there are two critical
triangles on

opposite

sides

x(r) = h(l)e(t - I) + h(2)e(r - 2) > 2

of

the

unit

square, S

:

one

where

and one where x(t) c -2. Should the state wander

into one of these triangles, b(f)1 will exceed 1 and so the state will subsequently map
outside S.
Figure 4.9 suggests a technique for finding I-stable modulators: just find a subset of S that
maps into itself with each iteration of (4.7) and (4.8). We know that this subset cannot
include the critical triangles, so the largest it could be is S minus the critical triangles.
Figure 4.10 shows this set and its image when h(l) B h(2) > 0. We see that the shape of
the image is such that it may be a subset of the original set We shall determine conditions
on h(l) and h(2) for which this is true.

e(r - 2)
1L
1

\,

?k-1

\

e(r *

\

\\

Figure 4.9:

The inhabited region of state-space for a second-order FIR
ZA modulator with A(I)=I.7, /(2J=O.6 and zero input.
The state does not occupy the entire unit square
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h(l)e(t - I) + h(2)e(t - 2) = 0

Figure 4.10: Proving I-stability requires finding a subset of the unit
square which maps into itself. The unit square minus the
critical triangles may map to a subset of itself when
II(I) > Iz(2) > 0.
As a result of symmetry, we can restrict our attention to the case Iz( I) > 0. S is divided into
two halves by the line x(f) = Iz(I)e(r - 1) + Ir(2)e(f - 2) = 0 ; on one side of the line
sgn(z(?)) = I, on the other sgn(x(f)) = -1. Denote these halves by S+ and S. The
symmetry of this bisection implies that the image of only one of the pieces need be
examined.
In each piece, sgn(!z(I)e(f -1) + h(2)e(r - 2)) is constant, so the mapping from one state to
the next is affine. Consequently straight lines map to straight lines, and so it is sufficient to
look at the vertices of half the candi&te polygon, ST, and their images. Table 4.1 lists the
vertices of ST, their images, and the conditions necessary for the images to be within S, .
The most restrictive of these conditions is that for theE vertex. Rearranging this condition
yields that S, maps to a subset of itself if h(I) B Iz(2) B 0 and
(/z(I) - # + /z(2)z < I.

(4.14)

Table 4.1:

The vertices of ST, their images, and the conditions
necessary for the images to be inside \s\doS(‘l) when
/z(I) > /r(2) > 0.

For the case I2(2) c 0, it is convenient to assume /z(I) c 0, so that the critical comers
remain at (I, I) and (4, -1). It turns out that the image of the unit square minus the critical
triangles protrudes into the critical triangles, so it is necessary to shave off more than just
these triangles.
e(t - 2)

e(t. - 1).

Figure 4.11: When /z(I) < /2(2) c 0, it is necessary to shave off more
Eyojyt the critical comer in order for the subset property
.

Figure 4.11 shows the negative half, Si, of the candidate region, SZ, and its image when
point C is shifted down from its original position C,,. C must be shifted far enough so that
C’ is no longer to the right of B, so the least restrictive requirement is that C’ = B . Thus
C’=(I,c)‘=(-I-h(I)-ch(2),I)=B=(b,I)

or
b = -I- h(I) - ch( 2)

(4.15)

In addition, it is necessary to shift B left to bring B’ within SZ. Putting B‘ on CB makes SZ
as large as possible while still allowing the subset property to hold. This leads to the
requirement that
B’=(bJ)‘=(-&h(I)b-h(2),b)

beontheline
e(f)-1 = e(f - I ) - c
b-I

l-c

*

(4.16)

Solving (4.15) and (4.16) yields values for b and c. Consistency in the diagrams and the
subset property require that

The most

severe of these requirements turns out to be
(4.17)

Figure 4.12 plots the regions covered by (4.17), by (4.14), by their symmetric
counterparts and by the ih( + [h(2)1 S 2 condition. These rules combine to give quite good
coverage of the set of second-order FIR, zero-input, I-stable modulators.

Figure 4.12 : The extended rules for I-stability cover many of the
second-order FIR modulators I-stable with an input of
zero.
Figure 4.12 shows that (4.17) is conservative. This is to be expected since (4.17) comes
from the requirement that the image of E be inside S*, which is overly restrictive because
the image of Sz may not include E. This suggests that cutting the comers at A and E would
result in less restrictive requirements on h(l) and h(2), a possibility which is too tedious to
explore here.
4.5.4 Second-Order FIR Criteria for M-Stability
Figure 4.12 shows that many zero-input stable modulators, those M-stable with A&I, still
lack an analytical justification. This can be remedied by examining how the critical triangle
is mapped by repeated application of (4.7) and (4.8). Figure 4.13 shows that when
h(2) B 0 the triangle may map back inside S, whereas for h(2) c 0 the triangle maps further

and further outside S. This explains why when h(2) c 0 modulators which are not I-stable
are not stable, whereas when Iz(2) > 0 modulators can be stable without being I-stable.

/z(I) = 0.8, Ir(2) = I.5

/z(I) = -0.8, Iz(2) = -1.5

Figure 4.13: When Iz(2) > 0, the critical triangle may map back inside
S, but when Iz(2) c 0, it maps further and further outside
S.
We can keep track of the image of the critical triangle to see if it eventually returns to the
unit square. If it does, the zero-input stability of the given modulator has been proven.
Noting the maximum value that e attains during this process gives an upper bound for M.
This is difficult to do analytically, since it is likely that an image will be cut by the linex=O,
necessitating a cleaving of the image into two polygons, whose images may, in turn, need
splitting. A computer may be programmed to carry out the required calculations, and the
result of doing so is shown in Figure 4.14. This Figure closely resembles Figure 4.4,
which is remarkable considering that a maximum of only 20 iterations were made for each
modulator in Figure 4.14, whereas in Figure 4.4 105 iterations were needed for each
stable modulator to achieve the degree of smoothness in the boundaries of that Figure. Of
the modulators which appeared zero-input stable after a brute force simulation of 105 time

steps, 94%2 were proven zero-input stable by following the critical triangle for 20
iterations.

Figure 4.14:

The set of modulators which can be proven zero-input

stable (dark gray), by following the critical comer for 20
iterations. Modulators for which an image of the critical
triangle went beyond e=lOO are white, i.e. the algorithm
judged these modulators unstable. The remaining
indeterminate modulators are colored light gray.
Conceptually, this process may be generalized to higher dimensions in a straightforward
manner. The critical triangle becomes a simplex3, the repeated cleaving of which can yield

2 The standard double-loop modulator is in the indeterminate area.
3 A simplex is an n-dimensional object of non-zero volume with n+Z vertices.

convex polytopes4 with any number of vertices. However, writing a program to carry out
the calculations in the ndimensional case would not be as straightforward as it was in the
two-dimensional case considered here.
A more intriguing possibility is to generalize the process to IIR error transfer functions.
The process would essentiaIly be unchanged, except that the “home” region of state-space
would no longer be the unit square. The home region, defined as the set of states that the

H-l block could reach if the input were restricted to [-1,1], could be determined from a
state-space description of this block. It is hoped that the home region is a convex polytope,
so that testing another polytope for inclusion in the home region could be done by simply
checking that the vertices of the test polytope are inside the home region. Once the home
region is known, the critical polytope could be readily found and its images tracked.
To include the effect of a non-zero input, one would have to augment the iteration by
allowing the input to cause a point in state-space to map to many possible destination states.
This would have the effect of enlarging images beyond their zero-input values, again
creating extra vertices.
Writing a program to correctly and efficiently carry out these operations would be quite a
chalIenge. Efficiency is important since the cleaving which can occur at each iteration can
double the number of polytopes which need to be examined and simultaneously add many
vertices to them. This challenge will not be taken up at this time.

4 A polytope is the n-dimensional analog of a polygon (two dimensions) or a polyhedron
(three dimensions).

4.6 Summary
This chapter developed the notion of stability in a ZA modulator, and explored some of the
properties of stability in a ZA modulator characterized by its error transfer function, It was
found that every modulator is stable for some inputs, but not for others, and a formula for
the set of all inputs which keep a particular modulator stable was given. Although the
formula is explicit, it is difficult to use it to decide whether the set of stable inputs forms a
useful set of signals or not.
In search of a practical test for stability, the maximum value of the error signal was plotted
for modulators belonging to a three-dimensional subspace of modulator space, with an
input of zero. The resulting object showed surprising complexity and consequently dashed
any hope for finding a simple analytical test for stability in a general modulator which is
both necessary and sufficient.
Several rules of thumb have been mentioned in the literature, and their simple predictions
were compared to the complex object seen here. In general, the shapes given by these
criteria bear little resemblance to the shape observed. Many modulators, including the very
popular second-order lowpass modulator, do not pass these tests. In the case of the power
gain and maximum gain criteria, counter-examples were given to show that these criteria
are insufficient as well as unnecessary.
The [~!z~~, -rule was extended by including a bound on the maximum value of the input. This
has yielded the most general analytical test for stability, with a sound theoretical basis, of
which the author is aware.
In the case of modulators with second-order FIR error transfer functions and an input of
zero, this chapter has been able to go beyond the [~/z[ll-rule. Mechanisms for l-stability
when the I\!(!, - ru 1e is violated have been explored and these were able to cover the bulk of

I-stable modulators of this type. An algorithm was described which was able to rapidly
prove the zero-input stability of 94% of the second-order FIR modulators stable with an
input of zero.
Suggestions for generalizing this test to higher-order FIR and IIR error transfer functions
and for allowing non-zero inputs were made, but the algorithm was not implemented.

5 Conclusions
5.1 Contributions
In the first chapter, a simplified model of ZA was presented. Existing modulators were put
into this framework and found to be readily comprehensible.
In the second chapter, simulations were used to show that bandpass ZA modulation is
possible and that decimation is not difficult. Bandpass ZA modulation may find application
in the simultaneous analog-to-digital conversion and demodulation of narrowband RF
signals.
The third chapter explored some fundamental mathematical properties of ZA modulation. It
was shown that ZA modulation is an idempotent operation if the signal transfer function is
unity and the initial state is zero, that limit-cycles are persistent if H-l is stable, and that
limit-cycles exist in bandpass modulators. A formula for the set of all inputs which yield
the same output was presented. The existence of amplitude quantization in non-ideal
modulators was noted and a technique for calculating the widths of the amplitude plateaus
was illustrated with an example. It was suggested that designing H-l to be unstable might
rid a ZA modulator of the troublesome effects of limit-cycles.
The fourth chapter concentrated on the stability problem The equivalent inputs formula of
the previous chapter was applied to find the set of all inputs which keep a modulator stable,
but it was not seen how to estimate the size of this set. The problem was simplified by
asking “Which modulators are stable for zero input?‘, and this set was shown to be very
complicated.
Two tests for stability, taken from the literature, were shown to be incorrect by means of a
family of counter-examples. The ~~/z~~,-test, also taken form the literature, was extended to

include the input range and this resulted in the most general, provably sufficient, analytical
condition for stability known at this time.
A detailed examination of a two-dimensional slice of the set of zero-input stable modulators
provided the insight necessary for the development of a program capable of proving the
zero-input stability of modulators with second-order FIR error transfer functions.

5.2 Future Work
Bandpass XA modulation needs further development. The next step involves the synthesis
of a real circuit and its installation in a real system. Structures, testing and tuning are all
fertile areas for research. Work is under way in the author’s lab, and in the labs of several
prominent researchers and corporations to develop this important area.
Despite all this activity, the basic problem of stability still lacks an adequate solution. The
method for proving the stability of high-order FIR and IIR modulators with non-zero
inputs, suggested at the end of the last chapter, ought to be tried. The resulting program
could be incorporated into an existing filter design system to aid the design of noise-shaped
modulators.
The author is indebted to Prof. W. M. Wonham for pointing out a recent paper [Rachid
1991] which uses techniques reminiscent of those used in Chapter 4. Rachid considers the
problem of finding positive invariant domains {1} for linear systems with both modelling
uncertainties and constrained inputs. Although the domains he examines are
hyperparallelepipeds, which would have to be generalized to polytopcs, the linear system

1 A positive invariant domain is a region in state-space,D, where for any state in D the next
state is also in D.

requirement is not a major problem since, in a ZA modulator, the state-space is divided into
two halves, wherein the next state of the modulator is an affme function of the current state.
Investigation of the applicability of the positive invariant domain concept to ZA is yet
another avenue for research.

Appendix A: Predictability and Limit Cycles
The purpose of this appendix is to elaborate on the verbal descriptions of Section 3.4.2 in
an unambiguous mathematical manner. Some notation and a few definitions need to be
established before the main theorems can be stated and proved. Patience on the part of the
reader is required in order to reach these objectives.
In order for this Appendix to be self-contained, the relevant defiitions of Chapter 0 will be
repeated, with a few minor modifications.
time, an integer

t20.

the signum function, sgn(a) = +I,
1 -1,
u

a20
a<0

the input sequence, u = (u(O),U(I),U(Z)...), u(t) E 9l. All sequences used in this
appendix are one-sided.
the decision sequence, i.e. the input to the quantizer.
the output sequence.
the error sequence.
the impulse response of the error transfer function, the realizability constraint
requires h(O) = Z.
the discrete-time delta function, S(t) =

I,

t = 0.

1 09

t>o

llhll,

the I-norm

of h, ljhll, = gih(t)[.
t=0

IHL

the

h*e

theconvolutionofhwithe, (h*e)(t)=ih(i)e(t-i).

-norm of e, l/ell_ = suJe(t)[ .

i=O

He

a concise notation for the above. H is a linear system with impulse response h; He
is the output of this system when the input is e.

There are a number of equivalent ways to describe a ZA modulator. One description is
pictorial: the canonical diagram presented in Chapter 1 and replicated below.

Figure A.1:

A XA modulator with an error transfer function H and a
signal transfer function of one.

An alternative, more precise, description defines the x, y and e sequences in terms of u and
h according to the following nonlinear recursion:
t=o
+

2 h(i)e(t -i)

t>o

id

These equations mimic the behavior of Figure A.1 when the initial state of the H-l block is
zero.
For compactness, we also write the above as
x=u+(h-6)*e
Y = w(x)
e=y-x.

and further economy of notation can be had by writing A.4 as
x=U+(I-I-1)e.
where 1 represents the identity system.

(A.7)

By A.6, y = x + e, and we can use A.7 to arrive at a familiar description of a XA
modulator:

Note that, for a fiied h, equations A.l-A.3 provide definitions for functions from u to x, y
and e, and that these function are well-defined. That is, there is a unique sequence x such
that
(H - l)[sgn(x) - x].

x = 2.4 +

Throughout this appendix, we will consider h to be fixed, and define x, y and e in terms of
u according to A.l-A.3. In addition, the sequences x’, y’ and e‘ are defined in terms of an
input u’ (h is fixed) in a manner analagous to A. 1-A.3.

m Let a be a sequence. Then there exists a unique sequence b such that a=Hb.
Paraphrased, this lemma states that H-’ exists.
Proof:

Recall that h(O) = 1. Then
a=Hb
c=a

a(t) = i h(i)b(t - i)
idI

t=o

4(4
e

‘(t) = a(t) - ih(i)b(t - i)
i=l

t>o

To arrive at the final important equation relating the signals in a ZA modulator, we
substitute A.6 into A.7,
x=U+(H-I)y-(H-1)x
rearrange,
Hx=zJ+(H-I)y
and apply Lemma 1
x= H%+(I-K’)y

CA.9)

Note that ifx and y are sequences satisfying A.5 and A.9, then they are indeed the x and y
sequences corresponding to the input u in a ZA modulator parameterized by h.
Bfinition: The ZA modulator with input u is stable if ~~x~~_ c 00.
Defmb The ZA modulator with input u is predictable ii 3~ > 0 s. t. 11~’ - u/_ c E
y’=y

a

and~~x’~_ cm.

The paraphrased version of this definition is that changes in the input which are small
enough don’t affect the output and don’t cause the modulator to become unstable.
Remark Predictability requires that the modulator be stable for the given input. To see this,
take \s\do2(

z./ = U), observe that \s\do2(x’= x) and conclude by the definition of

predictability that pixel_ c w.
Theorem 1; If the XA modulator is predictable with some input u, then IT’ is boundedinput bounded-output (BlBO) stable.
P roof (by contradiction):
Assume that the modulator is predictable with input u, but H-' is not BIB0 stable.

Predictibility =P 3~ > 0 s. t. 11~’ - ~11” < E =+ y’ = y and llx’ll_ < oo.
Choose such an &and set u’= u+

’

ll4L + 1 vq

Then lid- ull_ c E and by predictability we conclude

y’ = y and l/x’ll_ < w.

But by A.9,
x’ = H-b’ +
zH+u+

(1 - H-‘)y’
’

U4L + 1

H-Iv + (I- H-‘)y

= x + E+ 1 H-Iv.

And by the triangle inequality,

Which contradicts llx’jl_ c w.

When interpreting the foregoing proof, the reader must not be misled into believing that
H-’ unstable will imply that jxl_ - m for almost all inputs. The conclusion /XII_ = w came

from assuming that y’ = y, and this assumption is wrong when HA is unstable.
What happens if H-’ is stable? Is the modulator predictable? Yes, if x is bounded away
from zero.
Theorem 2: If Hvf is BIB0 stable, IIu~I_ c m and x is such that in; ix(r)1 > 0, then the
modulator with input u is predictable.

Proof:

Let u = in! ix(r] and let hl be the impulse response of H-l.
Since H-l is BIBO stable, lih,ll, c =.
Let&=11~11 .
11

Then a > 0 and llh,ll, c w imply E > 0.

Let u‘ be any sequence s.t. 11~’ - u~I_ c E.
Defme x1 by
x, = H-‘u’ + (I- H-‘)y
=x+ H-‘(d-u).

THUS

sgn(xI(t)) = sgn(x(r) + H-‘(u’ - u)(t))
= w(M)
= Y(f)

Consequently x’ and y satisfy the describing equations A.9 and A.5 and we conclude that
x, =x/
y=y'.

It remains to show that llx’il_ c =,
H-l BIB0 stable, jj~ii_, c = and llfl_ = I imply

IIx_=
I 1 H-‘u+ C l-H-’ )y IL
<=

Thus

Are there inputs u which satisfy the conditions of Theorem 2?
Yes. From Section 3.2, any input with u(r) = H Qr 2 0 has x=u and consequently
vrzo, ix(?)+o.
Other examples are described below, where we consider the concepts of limit-cycles and
their persistence.
. .

m A sequence y is eventually periodic with period TaO if 3, s. t. t 2 t1 a y( t + T) = 2
. .

JJefimtiox A limit-cycle is the periodic part of an eventually periodic output.
s In much of the literature, the definition of a limit-cycle is restricted to periodic
outputs for zero or constant inputs. We make the extension to arbitrary inputs so that we
can talk about limit-cycles in bandpass modulators, wherein the analog of a constant input
is a sine wave at the center frequency.
. .

d
e
f
i
The modulator with input u is eventually predictable if
3~ > 0 and jr, s. t. (~Iu’ - uII_ c E and Vt < t, u’(r) = u(t)) a (y ’ = y and llx’/_ < =).

Definition: Assume the modulator with input u is eventually predictable and the output y is
eventually periodic. Then the periodic part of y is called a perksrent limit cycle.
Discussion; We know from Theorem 1 that when He1 is not BIBO stable, the modulator is
not predictable for any input, and hence limit-cycles cannot be persistent. In this case,
arbitrarily small errors in the input get magnified by He1 and will eventually cause the
output to break the limit-cycle. Subsequently the output may appear to settle into another

repetitive pattern, perhaps a shifted version of the supposed limit-cycle, but this cannot
persist for very long. Eventually, noise at the input will again become the dominant
component of x and cause the new output pattern to be broken. As this happens repeatedly
in a random, unpredictable manner, the output is, in the ordinary sense of the word,
unpredictable.
If these random events occur sufficiently often, then the output will appear chaotic. If these
random events happen sufficiently rarely, then the output may appear periodic over short
intervals

m If u and y are eventually periodic with period T and H4 is BIB0 stable, then x
approaches a period-T sequence. Furthermore, ~~x~~_ c =.
Plausibility Argument:

This follows directly from the linear equation x = He’u + (I- H-‘)y , by appealing to the
well-established notion of the steady-state solution in a stable linear system. Note that since
IA is eventually periodic, jl& c w, and consequently jjx]l_ c w.
. .

Defimtto~- Denote by X the pexiod-T sequence to which x converges in Lemma 2.
Theorem 3; If H-l is BIB0 stable, u and y are eventually periodic and X satisfies
Vr Z(l) # 0, then the periodic part of y is a persistent limit-cycle.
Proof:

The proof parallels that of Theorem 2. We must show that the modulator with input u is
eventually predictable.
Since X is periodic and Vt i!(r) # 0, minZ(?) > 0 . tit a = tinit(r).

I-=& where, as before,

hl is the impulse response of H-‘.

For the same reasons as in Theorem 2, E > U.
Choose f, large enough that Vf 2 r,, k(f) -x(t)1 c t. Then Vt 2 r,,
ix(t] = [5(?) - (Z(r) - x(t)]
2ii(t]-lZ(r)-x(t)[> a-t=;.

Let u’ be any sequence s. t. 11~’ - ~11~ c & and Vr c t, u’(t) = u(t).
Defme x, by
x, = H%’ + (I- H-‘)Y
=x+ H-‘(d-u).

Thus
sgn(x’(f)) = sgn(x(z) + H-‘(u’ - u)(r))
= w+(Q)
= Y(4

Consequently x’ and y satisfy the describing equations A.9 and A.5 and we conclude that
x, = xj
yzy'.

Once again, H-’ BIB0 stable, ~~u~~_ c = and llyli_ = 1 imply

So that

Theorem 3 shows that in order to establish a particular finite sequence of plus and minus
ones as a persistent limit cycle for a given input, three things suffice:
1) H-l stable.
2)) Consistency: the eventually periodic input produces an output whose periodic
part is the desired limit cycle.
3) The steady-state value of x is non-zero at all times.
With this in mind, let us now re-examine the numerical example of Section 3.3 in more
detail The perturbed modulator has an error transfer function given by
H(z) = ’

2 -0.947z+o.P

which has zeros at z = 0.9e

Z2
*jT

,

inside the unit circle, so H-’ is stable and we suspect that

persistent limit cycles exist for this modulator. In order to verify our suspicion, we need to
fmd an eventually periodic input which gives rise to an output that is eventually periodic.
First, let us fmd the steady-state value ofx for the period-24 limit-cycle of Section 3.3
y=(++i-+-+--+-++----+-++-+--),

where + denotes +I and - denotes -1, when the input is a sampled sine wave of amplitude
A and frequency z/4. Strictly speaking, a tilde (M) should be atop all the signals since we

will only be dealing with their periodic parts. To reduce clutter, this diacritical mark is
omitted.

From A.9,
x=H%+(HP)y

The +-component is given by

= 7.4329 and arg

= -0.7328.

We can compute the xz -component via the discrete Fourier transform.
Let

Y be the length-24 DFT of y.

Defme Xz likewise.
Then Xz is related to Y by

Table A. 1 gives the numerical results of the DFT-based calculations.

Y(n),

Table A.1:

The calculation of Xz via the discrete Fourier transform.

The sequence xz may be calculated from Xz via the inverse discrete Fourier transform:

Table A.2 lists the values of they, x, and x2 sequences.

21
22
23

1
-1
-1

-1
-6.7671

Table A.2:

=- 6I396~C
-5.5249
-7.4226

T.6Tm
2 6892
4:2254

A<16319
A>6.378 1
A>6.5693

The calculation of the two components of x and hence the
allowable limits on A.

In order for the supposed limit-cycle to exist, we need to ensure that the consistency
condition, A.5, holds. We want

where
x=Ax,+x2.

r.f SF(Y) = w(q), then A

must be large enough to ensure that the term AxI dominates.

The critical value of A is that which sets x to zero: -x2 x, .
/

Likewise, if sgn(y) # sgn(x,), then A must be small enough to ensure that the xz-term
dominates. Once again, the critical value of A is that which sets x to zero: -xz x,.
/

Table A.2 lists the conditions on A required for consistency at each time step. The overall
result is that the limit-cycle can be supported by any sine wave whose amplitude falls in the
range (0.7438,0.8343).
This is almost all that we need in order to prove that y is indeed a persistent limit-cycle for
sine wave inputs of the appropriate amplitude. The remainingg detail requires that we fmd an
input which takes the modulator from an initial state of zero to a state which will support
the limit cycle. For this detail, we take the pragmatic viewpoint that simulations have
shown that for this modulator and this limit-cycle, a sine wave input of amplitude A=O.7.5,
0.76, 0.77, 0.78, 0.79, 0.80, 0.81, 0.82, or 0.83 will eventually cause the output to settle
into the limit-cycle under consideration.
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