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Abstract: We show how to derive state-variable biquadratic sections with lowest possible sensitivity to their
integrators. The resulting structures turn out to satisfy the condition for optimum dynamic range given by
Mullis and Roberts [ 11. The sensitivity optimum obtained is very ‘strong’ in the sense that these biquads
simultaneously attain lower bounds for several practical measures of sensitivity. Furthermore, it is shown that
this class of filters exhibits senditivities that are either equal to or lower than those of doubly-terminatel.C

ladders.

1 Introduction

This paper discusses a particular application of a novel trans-
fer-function synthesis technique described by Snelgrove and
Sedra [2]. Although this synthesis method may be applied to
both continuous-time and discrete-time networks, we concen-
trate in this paper on the continuous-time case. However,
the results can easily be related to some other work in discrete-
time filters[ 1,3] .

Many of the basic ideas of this paper are applicable to
transfer functions of arbitrary degree, but we concentrate our
attention here on the 2nd-order case. The general case is an
interesting and useful area for research, and the results given
here for biquads suggest analogies for higher orders.

We present the various topologies in terms of signal-flow
graphs, which are readily converted to either active-RC or
switched-C circuits, so that the underlying structures are
clearly visible.

The biquad topologies derived have transfer functions
that are equally sensitive to each of the two integrators in the

circuit, a situation which minimises several important measures

of overal sensitivity. As will be shown, these equalised sensi-
tivity functions are proportional to the derivative of the
transfer function [dT(s)/ds}, a condition which we relate to
Orchard’s observation on the sensitivity of doubly-terminated
passive filters with maximum power transfer [4] .

2 Synthesis fromintermediatetransfer functions

We show in Reference 2 how one can synthesise a unique
state-space structure that realises a given overall transfer
function T(s) by choosing, rather than a topology, a set of
intermediate transfer function fi(s),i=1,2, ..., N where N is
the order of T(s). These functions become the transfer func-
tions from the filter input to the outputs of the N integrators
in the state-space realisation. Since the only requirements
for this set of functions are that they be linearly independent
and that they have the same poles as those of T(s), consider-
able freedom exists in choosing an appropriate set. This
freedom can be used to optimise the sensitivity and dynamic
range of the resulting realisation. In this paper, we use sensi-
tivity identities to find the set of intermediate transfer func-
tions which result in optimum sensitivity realisations of
biquadratic filters.

In addition to the f functions mentioned above, we will
aso be interested in a dua set of transfer functions — those
from the integrator inputs to the filter outputs. We shall
denote these latter functions g;. The set f; uniquely determines
the dua setg;, and vice-versa
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3 Sensitivity relationships

One may show [2] that the sensitivity of a transfer function
T(s) to the gain +y; of the ith integrator of a system is

— =& (1)
One may aso show that, for any realisation whatever, the sum
over dl integrators of these sensitivities is a constant*

dT(s)
§T® — —_5_
; v T(s) ds

This identity derives from the fact that the change of all
integrator gains by a given percentage simply frequency
shifts the overall filter response by the same percentage,
regardless of topology; the reason some topologies are better
than others is that they al behave differently when integrator
gains change by different amounts. We can choose to evaluate
the performance of a design with such measures as

f W(w) Y ISTY9 24w (a statistical measure)
T

and

max 3 ISy (jw)l (a worst-case measure)

we(a,b) i

where W(w) is a weighting function.

Now the interesting thing about egn. 2 is that it implies
that one may minimise both of the figures of merit above, and
many more, by forcing al integrator sensitivities to be equal.
In genera, a constraint of the form

in-_—k
i

where k is a constant, results in the choice x,=x,=...=
k/N, minimising any function of the form

PNE p =1
7

as well as functions such as

Y IRe (x)IP
i
Thus, choosing al sensitivities equal,
dT(s)
ST - 3 :
v NT(s) ds ¥ (3)

*This corresponds to a familiar identity in passive network theory,
concerning the sum of sengitivities to al reactive components.
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yields a system that simultaneously optimises most reasonable
sensitivitymeasures!

Note that the equality we desire is between sensitivity
functions of w: sensitivities should ideally be equal (both in
sign and magnitude) at all frequencies. Thisdesign objective
is sometimes attainable and sometimes not: for biquads in
particular, it usually turns out to be possible.

4 Optimum sensitivity biquads

Combining egns. 1 and 3 results in thefollowing condition on
the fand g functions of state-space redlisations that have
optimumsensitivity:

1 dT(s)
Tigi = TN g
Unfortunately, the synthesis method does not allow us to
select (f;g;) but only f; (or g;). Thus, for the optimum redlis-
ation to exist, we have to find a set of linearly independent
functions f; which must al divide [dT(s)/ds], as eqn. 1
implies, and whose dud set g; results in the condition of egn. 4
beingsatisfied.
To understand how all of this works, we shall consider the
case of a 2nd-order lowpassfilter

¥ @

a A
E(s)

s2+s (%9-) + w3
The derivative can be easily found to be

Wo
2+ 22
dT(s) _ _a(s Q)

ds E(s)?
Now, we know from eqgn. 4 that f; (s) and £z (S) must divide
[dT(s)/ds] , and that they must be linearly independent.
Choosing
f1(s) = 1/E(s)
and

f*(s) =(2s+9Q3)/E(s)

satisfies both conditions. In fact (apart from trivial changes
such as scale factors and interchange of fy and £2), thisis the
only choice possible. Using the results from Reference 2, we
can now obtain the signal-flow graph realisation of Fig. 1 and
evauate the g functions as

T(G) =

>

a
2

£ (2s * -‘f’Q—°) JEs)
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Fig.1  Optimum LP biquad
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We thus see that
_ 1dT(s)
N~ ds
which is the condition for optimum sensitivity. Thus, the

realisation of Fig. 1 isthe optimum sensitivity realisation of
the 2ndorder lowpass function. Note that, for this structure,

figsr = fag

f1 = dag,
and
f2 =iag1

This CaN be shown to give the condition derived in Reference 3
for a 2nd-order system to have optimum dynamic range
(after L, scaling, which does not affect sengitivities). In fact,
biquads with this ‘reciprocity’ property always have equal
integrator sensitivities. If

g = afy
and
& = afy
then
[1&1 = [182

We thus conclude that optimum integrator sensitivity produces
optimum dynamic range in biquads.

The same procedure can be applied to bandpass, highpass,
allpass and notch biquad transfer functions, and so produces
optimum integrator sensitivity structures for most of the
interesting biquads. It should be mentioned, however, that for
certain transfer functions (primarily those with very low-Q
poles) it is not possible to fmd two suitable factors of
[dT(s)/ds] for 1and f3.

Relationship to LC ladders

In general, an Nth-ordefilter with equal integrator sensi-
tivitiesisinsensitive to integrator gain errors at the reflection
zeros (i.e. frequencies of maximum transmission) «w, because

S]YTi'(iw,-)l = Re [Sg'i(iwr)]

= Re ey _L_dT()
. N T(jw) d(jw) |, .
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Table 1: Sensitivity comparison: ladder against optimum
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Fig. 4 EqUivaJ ent ladders

Expressing T(jw) as
T(jw) = IT(jw)le!*)
resultsin
TGl = T go [AMITGO | do()
vt N l dw dw |, w,

But since dIniT(jw) |/dwle, . v, = 0, it follows that
Sjy’I“Uwr)l =0

Thisisthe same property that LC ladders which are designed
for maximum power transfer have. In the following, we show
that our optimum biquads either simulate the corresponding
LC ladders (in which case they have the same sensitivity
performance) or are new structures that exhibit lower sensi-
tivities than ladders.

In the signal flow graph of Fig. 1, it turns out that the
signals at the two nodeslabelled f; and f; simulate the capaci-
tor voltage and inductor current of the doubly-terminated
lowpass ladder in Fig. 2, which has maximum power transfer
at itsreflection zeros. On the other hand, the signal flow graph
of the optimum bandpass biquad shown in Fig. 3 does not
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simulate a doubly-terminated bandpass ladder. To further
investigate this point, we demonstrate in Fig. 4, through a
Thévenin equivalence, that for the bandpass case a doubly-

terminated realisation is no better than a singly-terminated
one. The optimum structure of Fig. 3 may be compared as to
sensitivity with one simulating one of the ladders of Fig. 4. the
integrator sensitivity products(f;g;) are givenin Table 1.

It is interesting to note that the two structures have equal

sensitivity at the reflection zeros  jw,, which is where the
doubly-terminated structure is known to be good. Our new
structure becomes superior away from jew, (according to any

aggregate sensitivity measure of the types discussed earlier).

6 Concluding remark

The main objective of this paper has been to outline atech-
nique for obtaining state-space structures with optimum
sensitivity. The most striking feature of the structures gener-
ated is their physical symmetry, which results from the
requirement that they be equally sensitive to al their inte-
grators. We are currently investigating the use of the optimum
biquad structuresto realise higher-order transfer functions by
replacing theintegratorswith blocks of higher-order transfer
functions. These latter blocks should in turn have optimum or
‘good’ sensitivity with respect to their integrators.
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